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Abstract. Differential Riccati equations (DREs) are semilinear matrix- or operator-valued
differential equations with quadratic non-linearities. They arise in many different areas, and are
particularly important in optimal control of linear quadratic regulators, where they provide the
optimal feedback control laws. In the context of control of partial differential equations, these
Riccati equations are operator-valued. To approximate their solutions, both spatial and temporal
discretizations are needed. While the former have been well analyzed in the literature, there are
very few rigorous convergence analyses of time stepping methods applied to DREs, particularly in
the infinite-dimensional, operator-valued setting. In view of this, we analyze two numerical time-
stepping schemes, the Lie and Strang splitting methods, in such a setting. The analysis relies on
the assumption that the uncontrolled system is parabolic and that either the initial condition is
sufficiently smooth, or the nonlinearity in the DRE is sufficiently smoothing. These assumptions are
mild, in the sense that they are not enough to even guarantee continuity in the operator norm of the
exact solution to the DRE. However, they imply certain regularity in a pointwise sense, which can
be leveraged to prove convergence in the operator norm with the classical orders. The results are
illustrated by four numerical experiments, where convergence with the expected order is correlated
with the relevant assumptions being fulfilled. The experiments also demonstrate that matrix-valued
DREs which arise as spatial discretizations of operator-valued DREs behave similarly, unless the
discretization is coarse.
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1. Introduction. A differential Riccati equation (DRE) is of the form
(1.1) P(t) = A*P(t) + P(t)A+ Q — P(t)SP(t), te (0,T], P(0)= Py,

where the given data A, @ and S and the solution values P(t) are either real matrices
or linear operators on a Hilbert space. By A* we mean either the adjoint of A if it is
an operator, or its Hermitian transpose if it is a matrix.

A typical application where DREs arise is the linear quadratic regulator (LQR)
problem, where one aims to steer the state vector x(t) to a desirable state by adjusting
an input function u(t). The state = satisfies

& = Ax + Bu,

with given matrices or operators A and B. The operator A describes the uncontrolled
dynamics and the control operator B describes how the typically low-dimensional
input u is applied. With a suitable operator F, the so-called output y = Ex measures
some quantity of the system which we want to drive to zero. The optimization problem
to be solved is then to minimize the cost functional

J(u) = /0 Iy + llu@®)|* dt + [|Ga(T)||*.
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Here, the term ||u(t)||? represents the cost of applying the control, e.g. the energy
usage, and G is a penalization operator for the final state which is not covered by
fOT lly(t)]|?>. A concrete example is given in Section 6. It is well-known that the
optimal feedback control strategy in this setting is u(t) = —B*P(T — t)x(t), where P
satisfies the DRE (1.1) with Q@ = E*E, S = BB* and Py = G*G.

In the finite-dimensional LQR case, z(t) € RY for some N and the above con-
stitutes control of a system of N ordinary differential equations (ODEs). This leads
to a matrix-valued DRE. If z(¢) is instead a function in, e.g., L?(f2), where Q is the
spatial domain, we are concerned with control of a partial differential equation (PDE)
and the corresponding DRE is operator-valued. Often, a system of ODEs arises as a
spatial discretization of a PDE. In this case, when the discretization is refined, the
solution to the matrix-valued DRE should tend to the solution of the corresponding
operator-valued DRE.

In this paper, we analyze two time-stepping methods applied to operator-valued
DREs. As indicated above, there are two main reasons for focusing on operator-
valued rather than matrix-valued equations. First, it allows us to ignore the spatial
discretization, and thereby decouple the temporal and spatial errors. A full discretiza-
tion can be acquired by subsequently discretizing the time-discrete system in space.
Secondly, given that finer spatial discretizations typically result in systems with less
nice properties, the operator-valued DRE also corresponds to the “worst” possible
spatial discretization in terms of analysis. Our temporal convergence results will au-
tomatically hold for the spatially discretized matrix-valued equations under minimal
assumptions, regardless of how fine or coarse these discretizations are.

As our numerical experiments show, the fact that a time-stepping method is
convergent for a DRE in RN*¥ for any N does not imply that it is convergent in the
limit as N — oo. Basically, the error constants may depend on NN in non-obvious ways,
or on regularity properties that only become apparent for large N. This means that a
large N might require unfeasibly small time steps before any decrease in the temporal
errors is observed, unless the problem satisfies certain properties. Our operator-valued
analysis exposes these properties.

The time-stepping methods that we are concerned with here are the Lie and
Strang splitting schemes. Instead of approximating the solution to the full DRE (1.1)
directly, these methods work by combining approximations of the solutions to the two
subproblems P = FP and P = GP, where, informally,

FP=A*P+ PA+Q,
GP = —PSP.

We denote the corresponding solution operators by e*f" and e'“, respectively. Then
with the approximation P™ &~ P(nr), the Lie splitting method is given by

P7L+1 _ eTFeTGPTL
and the Strang splitting is defined by
PnJrl _ eT/QFeTGeT/QFPTL.

How to properly interpret and define the operators F' and G, as well as the solution
operators e and e*“ will be covered in Section 2.

The main benefit of the splitting is that a closed-form expression for e P exists,
which can be efficiently evaluated. Further, e!¥ P is significantly cheaper to evaluate
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than e!(F+%) P, due to F being affine rather than nonlinear. The approach given in [21]
for computing e!f" P is based on quadrature, but alternatives such as ADI methods [11]
can also be considered. These utilize the fact that e*f' P solves an algebraic Lyapunov
equation. We also note here that numerical experiments suggest that the chosen
splitting performs significantly better than the alternative where FP = A*P + PA,
GP = Q—PSP. In the latter case, e P is even cheaper to compute, but not by much,
and there is no longer a closed-form solution for €@ P. Thus it must be approximated,
which leads to a worse error at essentially the same cost.

Many other time-stepping methods for (matrix-valued) DRE have been suggested
in the literature, e.g. BDF methods [2], Rosenbrock methods [3], Peer methods [1],
and exponential integrators [10]. The splitting schemes considered in this paper were
introduced in [20], see also [21]. The same methods but with a different decomposition
of the right-hand-side were considered in [14, 15]. A common, but surprising, theme
in all these works is a lack of rigorous convergence analysis. We are only aware of
three exceptions: First, [7] considers an operator-valued setting, but the analyzed
method does not fully take advantage of the structure of the DRE and is therefore
less efficient than the methods we consider here. Secondly, the methods considered
in [15] are similar to ours, but uses a different decomposition of the right-hand-side
that typically leads to larger errors for the same step size. Additionally, the analysis is
only for the matrix-valued case. Finally, the unpublished manuscript [19] considers the
same methods as in this paper in an operator-valued setting. However, this particular
setting is too restrictive and the analysis is therefore only applicable to very few
problems. The main goal of the present paper is thus to remedy this situation and
provide a rigorous convergence analysis for Lie and Strang splitting that is applicable
also in an operator-valued setting.

We note that spatial discretizations of operator-valued DREs have been analyzed
to a much greater extent than temporal discretizations. Convergence without order
is shown in e.g. [18, 4]. As far as we are aware, the first proof of convergence with
almost optimal orders in a setting similar to ours is given in [8]. The comprehensive
book [9] proves convergence with orders also in more general settings, but only for
algebraic Riccati equations. These results can, however, likely be extended to DREs.

Informally, the main assumptions on (1.1) in this paper is that A generates an
analytic semigroup (see, e.g., [16, Chapter 2.5]), and that B and E are bounded oper-
ators. This allows for applications such as distributed control of parabolic problems.
Given this, our main result is that Lie and Strang splitting are convergent with the
expected orders 1 and 2, respectively, under certain regularity assumptions. For Lie,
we (again informally) require either that the initial condition Py is in the domain of
P+ A*P + PA, or that S satisfies a similar condition. The former condition is less
restrictive than the usual one, where the operator would be applied twice. This is
possible due to the smoothing properties of A. In the latter case, Py can be arbitrar-
ily non-smooth, but the smoothness assumption on S means that the solution P(t)
is nevertheless sufficiently smooth. For Strang splitting, we require both the above
assumptions.

A main difficulty here is that the above-mentioned regularity only holds away from
t = 0. The solution ¢ — P(t) is not differentiable or even continuous at ¢t = 0 in the
operator norm, even under the above assumptions. Thus the usual Taylor expansions
which could be done in the matrix-valued case are no longer valid. However, the
assumptions guarantee that for any x, t — P(t)z is either continuous or continuously
differentiable, and P or P is uniformly bounded. This allows us to instead expand
around t = € > 0 and by careful manipulation of the remainder terms prove that they
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are uniformly bounded independent of e.

The paper is organized as follows. In Section 2, we discuss the abstract setting
and make the above informal statements mathematically rigorous. We also state and
prove some preliminary lemmas on existence and smoothness of solutions of the DRE.
The convergence analysis of Lie splitting is presented in Section 3, and followed by the
analysis of Strang splitting in Section 4. In Section 5, we apply our analysis to bound
the error of an approximated LQR control signal. The DRE results are illustrated by
four numerical experiments in Section 6, where the different assumptions are either
satisfied or not. By repeatedly refining a spatial discretization, we approach the
operator-valued case. Finally, we present our conclusions and ideas for future work
in Section 7.

2. Setting. Given a Hilbert space X, we use (-,-)x to denote its inner product,
or simply (-, -) when the particular space is clear from the context. The induced norm
is denoted by ||-||x or simply ||-||]. Given two general Hilbert spaces X and Y, we
denote by £(X,Y) the space of linear bounded operators from X to Y. If X =Y,
we abbreviate £(X) = £L(X,X). f L: X — Y then L* : Y — X denotes the Hilbert
space adjoint of L that satisfies (Lxz,y)y = (z, L*y)x forallz € X and y € Y.

Now let H, U and Y be specific given Hilbert spaces, with H complex. Since
the solution P(t) should be symmetric and positive definite, we will consider the
Banach space X(H) = {P € L(H) | P = P*} with the £(H)-norm and the cone
Yt(H)={P € X(H) | P > 0}. We make the following assumption on the operators
A, @Q and S in (1.1):

ASSUMPTION 2.1. There are operators B € L(U,H) and E € L(H,Y) such that
Q and S can be factorized as Q = E*E and S = BB*. Further, Py € X7 (H), and
the unbounded operator A : D(A) C H — H is the generator of an analytic semigroup
tsetd e L(H).

Remark 2.2. Tt follows directly from the assumption that Q, S € ¥ (H). Further,
A is closed and D(A) is dense in H [16, Corollary 1.2.5].

Remark 2.3. In the context of LQR problems, we assume that the control opera-
tor B and the observation operator F are both bounded. This allows for distributed
control and observation but typically not boundary control and observation. Extend-
ing the work to less regular B and FE is likely possible, but at the cost of reduced
convergence orders and significantly more technical machinery.

In the matrix-valued case when P(t) and A are in RV*N the right-hand side
of (1.1) is well defined. In our context, we are interested in operator-valued problems
and search for a solution P with P(t) € X7 (H) C X(H). Under Assumption 2.1, the
terms @) and P(t)SP(t) are still well defined as operators in ¥(H). However, since A
is unbounded we need to properly interpret A*P(t) + P(t)A, which is not necessarily
in X(H). We follow [5] and define A : D(A) C X(H) — X(H) by

(.A(P)I,y) :SOP(I,y)a $7yE’D(A),PED(A),

where
ep(z,y) = (Pz, Ay) + (Az, Py), x,y € D(A),

and
D(A)={P € 3(H) ; pp is continuous in H x H}.

Essentially this means that D(A) are those P € X(H) for which A*P + PA can be
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extended to an operator in X(H). On D(A), this extension agrees with the original
expression:

LEMMA 2.4 (Proposition 3.1 [5]). If P € D(A) then x € D(A) implies that
Pz € D(A*) and

APz = A*Px + PAx.
With this in mind, for the rest of the paper we will be considering the equation
(2.1) P=AP+Q— PSP

rather than (1.1). According to Lemma 2.4, if P(t) € D(A) then these equations
coincide after multiplication with z € D(A).

The operator A is a generator of an analytic semigroup e*4, and this gives rise to
an analytic semigroup e : X(H) — X(H) generated by A, defined by

AP = et PetA, t>0.

As noted in [5, Remark 3.1], it is not strongly continuous, i.e. |[eAP — Pllzeay 70
as t — 01. However, it satisfies ||e*APx — Px|| — 0 as t — 07 for every 2 € H and
P e $(H).

In the following, throughout the paper, C' denotes an arbitrary constant which
may be different from line to line. It will often depend on the problem data T, ||Q|| ()
and [|S|| (), but for brevity we only specify its dependence on other parameters.

LEMMA 2.5. There exist a constant C' such that the analytic semigroup e!* gen-
erated by the operator A satisfies the inequalities

C
||etA||£(H) <C and |Ae"| o) < -

for t € (0,T]. Similarly, the analytic semigroup e satisfies

C
e Plleqn < ClIPleny  and | ASAP ey < Z1PlLecn

fort e (0,T] and P € ¥(H).

Proof. The first two inequalities are standard results for analytic semigroups, see
e.g. [17, Lemma 12.32]. They are usually stated with Ce*? instead of C, where w € R,
but the exponential is clearly bounded by max(1,e“?) on the finite time interval [0, T').
Since A is closed (Remark 2.2), it holds that (A*)* = A [17, Theorem 8.5.7] and
thus (et4")" = e [16, Corollary 1.10.6]. This means that the bound for e follows

directly by applying the bounds of the individual semigroups e*4 and e*4”. We next
verify that e*AP lies in D(.A). This holds, since for any ¢ € (0,7] and z,y € D(A),

(punp ()] = [(Az, e Pety) 1 (¢4 Peta, Ay)
= |(e'* Az, Pe!ty) 4 (PetAz, e Ay)|
= |(Aetz, Petty) 4 (PetAa, Actty)|
< A" el Pl e e cen vl

+ 1A o I NIP ey e a1yl

C
< 1P lec Iyl
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As noted in Remark 2.2, D(A) is dense in H, and the bound thus holds for all 2,y € H.
But, by definition,

A(P)zx, )
||AetAP||E(H) = sup sup |( ( )17 y)‘ = sup sup ‘QoetAP(I y)|
eeHyer  |1/llly seyer  |lz]llyl]
so the above inequality finishes the proof. ]

Our basic assumptions on the operators agree with those in [5], and imply the
existence of a unique solution to the problem:

LEMMA 2.6 ([5, Theorem IV-1.3.1]). Under Assumption 2.1, there is a (classical)
solution P to (2.1) on t € [0,T]. That is, P(0) = Py and for any t € (0,T), P(t) is
differentiable with P(t) € D(A)NST(H) and P(t) = AP(t)+Q—P(t)SP(t). Further,
for any e >0, P € C([e,T],S(H)).

Here,
t — P(t) € X(H) is infinitely differentiable in £(H)
= (e, T, S(H)) = dar
(70, %)) fort € [e,T] and sup || P(t)|lcm) < o0, k=0,1,...
te(e,T) dt

Thus a solution exists regardless of how smooth Py is, and it is infinitely smooth
away from ¢ = 0. However, the solution will typically not be continuous at t = 0% in
the L(H)-norm. We can only guarantee that P is strongly continuous. We therefore
introduce the function space

t— P(t) € X(H) |t — P(t)x is continuous in H
for any z € H ’

C’p([O,T],E(H)) = {
equipped with the norm

[1Pllc = sup [[P(t)[lzcm)-
te(0,T)
As noted in [5, Section IV-1.2.1], ||P|| is finite for any P € C,,([0,T],%(H)) by the
uniform boundedness theorem.

We also consider the spaces C}([0,7],X(H)) which consist of functions ¢ —
P(t) € X(H) such that ¢t — P(t)x is k times differentiable for any = € H and where
the k-th derivatives belongs to C,([0,T],X(H)). With these definitions, we have the
following regularity near ¢t = 0:

LEMMA 2.7 ([5, Proposition IV-1.3.2 and Theorem IV-1.3.1]). Under Assump-
tion 2.1 the solution P guaranteed to exist by Lemma 2.6 belongs to Cp([O, 7], E(H))
If in addition Py € D(A), then P € C}([0,T],X(H)) and for any t € [0,T], AP €
Cp ([0, T, 5(H)).

Remark 2.8. In [5], the function spaces Cs([0,T], X(H)) and Cy([0,T], X(H)) are
considered, and the above results are stated as P € C,([0,T],X(H)). However, these
two spaces contain the same sets of functions, and the results can thus equivalently
be stated for P € C,([0,T],X(H)). We prefer to use this version here because
C([0,T],X(H)) is a Banach space, in contrast to Cs([0,T],3(H)) which is equipped
with a weaker topology. Our space Cy,([0,T],S(H)) is the same as C,([0,T], S(H))
but has been renamed in an attempt to minimize confusion. The subscript p is meant
to be read as “pointwise” (for points = € H).
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We also have positive semi-definiteness:

LEMMA 2.9 ([5, Proposition IV-1.3.3 and Theorem IV-1.2.1)). For each t €
[0,T], the solution P to (2.1) guaranteed by Lemma 2.7 satisfies P(t) € X7 (H).

We now define the operators F': D(A) — L(H) and G : L(H) — L(H) by

(2.2) FP=AP+Q,
(2.3) GP = —-PSP,
and consider the two subproblems of (2.1) that arise when we either omit the GP
part or the F'P part of the equation:

COROLLARY 2.10. Under Assumption 2.1 there exist unique solutions to the two
subproblems
(2.4) P=FP, P(0)=DP,
(2.5) P =GP, P(0)=Py,
which satisfy the stated regularity properties in Lemma 2.6 and Lemma 2.7. For the
second subproblem, the conclusions of Lemma 2.7 hold also without Py € D(A).

Proof. The subproblems can be seen as instances of (2.1), where we either take
S =0 or we take A = @) = 0. These choices certainly fulfil the respective parts of
Assumption 2.1, so we can apply the previous lemmas to establish the existence and
regularity properties. The final assertion follows simply by the fact that D(A) = 3(H)
if A=0. a0

We will frequently use the notation ¢ — et*' Py and t — !¢ Py to refer to the solutions
to the subproblems (2.4) and (2.5). In the case of (2.4) we also have the representation

t
et Py = e Py +/ e(t*S)AQ ds,
0

and the lack of A in (2.5) allows us to say more than Corollary 2.10:

LEMMA 2.11. Under Assumption 2.1, the solution to the problem (2.5) is given
by e!“ Py = (I +tPyS)~ ' Py, where

[t = e Pollos < (1+TpllS ccy)p

for every Py with ||Py|| < p. Additionally, the derivatives of t — e'¢ Py are bounded
by

&/ _ . i1
[t 5P| < Sy (L TolSlen) ™ o7

forj=1,2 ...
Proof. We first note that for any Py, P, € X7 (H), we have

(I + PrPo) Mg < 14+ 1 Pull e | Pell e

see e.g. [9, Lemma 2A.1]. Thus the function P(t) given by

P(t)= (I +tPyS) Py
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is well defined for all ¢ > 0, and ”P(t)Hﬁ(H) < (1 +tHP0HE(H) ”SHﬁ(H)) HP()Hﬁ(H)' Asa
consequence, the first inequality is satisfied. To prove that P solves the problem (2.5),
we first note that

(I + (t+7)PoS) " Py — (I +tPyS) ' Polloomy =

— H (T+(t+7m)PS) " [(1 +1PyS) — (I + (t + T)Pos)] I+ tPoS)*lPo)HE(H)

= |- (1 + (t+ 7V PoS)  PoSU +tPoS) T Pyl 1 gy

<7+ (t+7)PoS) o 1PoS | can 1T+ tPoS) ™Ml 2 ey | PoS|l 2oy
<71+ ¢+ D) Pollecn 1Sl ecary) (1 + I Poll e 1Sl 2y ) | PollZ oy

< 7O Pollecmy, 1Sl 2cmy),

and t — P(t) is therefore continuous in L(H). By the same construction we obtain
that

I [[(P(t +7) = P(6) /7 + PO)SP)] () = 0.

The function ¢ — P(t) is thus continuously differentiable and satisfies the equation,
i.e., P(t) = e!“P,. The bound for the higher derivatives follows by induction and the
chain rule, since e.g.

;—;eSGPO = %( — eSGPOSGSGPO)
= — (%eSGP()) Se*“ Py — eSGPOS(%eSGPO). 0

We also have the following explicit bounds on the function G and a similar function
that appears in the analysis of the Strang splitting method.

LEMMA 2.12. The functions G : L(H) — L(H) and M : L(H) — L(H) given by

GP =—-PSP and MP = PSPSP
are both locally Lipschitz continuous, and

(2.6) 1GPr =GPl ey < 208Ny 1P — Pl
(2.7) IM Py — MPa| £y < 3p° SN2l Py — Pl

for all Py, Py such that || Pz ) < p-

Proof. Both claims follow from straightforward calculations. First,

|GP1 — GPsllc(m
< ||\P1SPy — PiSPy + PSPy — PoSPsl £om
< PiSlleanllPr — Pollecay + 1Py — Poll e 1S Pell oy
<2p|[Sll e 11 — Pallcys
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which proves the first bound, and
|M Py —MPs| £ (m)
< |[PLSPLSP, — PISPSPs + PLSP,SPs — PySPySPy| e
<||PLS|l e |GPy — GPa|| oy
+ |1Py = Pa| () |SP2SPa|| £ (mr)
<3p° 1SN Z ) 1Pr — Pall oy

which proves the second. 0

Finally, the solution operators for both subproblems, and thus also the splitting
schemes, are invariant on 1 (H):

LEMMA 2.13. Let Assumption 2.1 be satisfied and let P € X7 (H). Then for any
t >0, also ' P € Xt (H) and e!°P € ©+(H).

Proof. Since

(e Px, z) = ('Y Pe'a, ) = (PetAx, e z) > 0

and (et Pet4)* = ot4” Pe!4 it follows that e P € N (H). Since Q € Xt(H), it
then follows by the variation-of-constants formula that ¢! P € X7 (H).

For the nonlinear subproblem, we first note that since P € % (H), there exists
an operator PY/2 € £+ (H) such that P = P'/2P'/2, By [9, Lemma 2A.1], we have

(I +tPS)~ =1 —tPY*(I +tPY25pPY/?%)~1pl/2g.

Since ' P = (I +tPS)~'P by Lemma 2.11, this means that
otGp — pl/2pl/2 _ pl/2 ((I n tP1/25P1/2)—1tP1/25P1/2>P1/2

— P1/2(I T tP1/2SP1/2)_1P1/2.
This expression is self-adjoint and positive semi-definite if (I +tP'/25P/?)~1 is. But
if v € H and y = (I +tPY/2SP/2)1x then

(I +tPY2SPY2) ™y a) = (y,y 4+ tPY/2SP/2y)
= (y,y) + t(P"/?y, SP?y) > 0

as S is positive semi-definite. Thus e!“P € S+ (H). ad

3. Convergence analysis for Lie splitting. We now turn to the convergence
analysis and consider first the Lie splitting scheme for (2.1). We consider an equidis-
tant grid ¢, = nr with time step 7 = T/N and approximate P™ ~ P(t,). In the
notation of Section 2, the method is then defined by P"*! = £, P", where the time-
stepping operator L, is given by

L = eTFeTG
r = .
We start by expressing one step of the method in a more useful way. By expanding

the nonlinear flow in a first-order Taylor expansion, we get for any P € X1 (H) that

T T d2
(3.1) L,P=e™ AP+ /0 eT=9AQ ds + 7e™AGP + /0 (r— s)eTA@eSGP ds

= Lo(P) + L1 + LQ(P) + Lg(P)



10 E. HANSEN, T. STILLFJORD, AND T. ABERG

Next, we similarly reformulate the exact solution. Since Lemma 2.6 guarantees P €
COO([E, T, %(H )), we can take any € > 0 and do the following Taylor expansion:

P(r)=P(r—e+e¢)

= (T"AP(e) + /T e(T—S)A(Q + GP(s)) ds.

€

(3.2)

According to Lemma 2.6, the operator e("~®)4 maps any initial condition into a
C>=([0,7 — €], £(H))-function. The composition s — e(""9AGP(s) is therefore in
C>([e,7 — €],%(H)), since s — GP(s) € C>([e,T],S(H)) like P itself. We can
therefore expand e(""*AGP(s) too, which yields

P(r) = e""94P(e) + / m=AQ ds + (1 — £)e"IAGP(e)

T—€& S d
Sl A (t—s)A
—1—/5 /‘E T (e GP(T)) drds—l—/T e GP(s)ds

—€

=: IQ(E,P()) + Il(E,P()) + IQ(E,P()) + I3(€,P0) + I4(€,P0).

Now let x € H. Since t — P(t)z is continuous, the first three terms satisfy
lim Ij(E,Po)I‘:Lj(Po)fE forj:O,1,2.
e—0t

That is, the first three terms agree with the corresponding terms in the expansion of
the scheme given in (3.1). Further,

s = eTHAGP(s) ]| < C|| P2,

by Lemma 2.5, so that

lim |[I4(e, P —0.
im [[Z4(e, Po)ll ey

As a consequence, also lim,_,o+ I3(g, Py)x exists and equals R(0, x), where

T S d
R(t,z) = / / — (" AGP(t + r)2 ) drds

for t € [0,T — 7]. We can do the same expansions around P(k7) instead of Py and
thus have that

(3.3) P((k+1)1)x = (Lo + L1 + L2)(P(k7))x + R(kT, x),

Ideally, we would now argue that ||R(¢,z) — L3(P(k7))z| < C72||z||, which would give
us a bound for the local error of the method. However, Assumption 2.1 is not sufficient
for such a bound to hold. Thus, we now introduce the following extra assumptions:

ASSUMPTION 3.1. The initial condition Py € D(A).
ASSUMPTION 3.2. The operators S and AS both belong to L(H).

Either Assumption 3.1 or Assumption 3.2 will lead to first-order convergence, except
for a |log7|-factor in the former case. This factor arises from using the analyticity
properties of et4 to essentially ignore one application of A, which allows us to only
assume Py € D(A) rather than the usual Py € D(A?). If the latter does hold, the
proof can be modified to remove the |log7|-factor.
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3.1. Lie splitting under Assumption 3.1. Our approach in the case of As-
sumption 3.1 is similar to the one used in [15] for the matrix-valued case. We note
first that since the solution P to (2.1) is in C}([0,T],2(H)) by Lemma 2.7, there
exists a v > 0 such that

max{|[Plloc, [ Plloc} < -
We start with the following preliminary result:

LEMMA 3.3. Let Assumptions 2.1 and 3.1 be fulfilled and let P be the solution
to (2.1). Then the equality

R(t,a:)z/ / )\1(t,r)a:d7“ds—|—/ / Ao (t,r)zdrds
o Jo o Jo

of, improper, integrals is well defined for all t € [0,T — 7] and © € H. Here,
At r) = .Ae(T_T)A(P(t +7)SP(t+7)) and
Xao(t,r) = —e""IA(P(t +7)SP(t +7) + P(t +r)SP(t +1)).
Proof. Lemma 2.6 and the chain rule gives that

% (e AGP(E+ 1)) = Aa(t,r) + Aol 7)

for t + 7 > 0 with 0 < r < 7, where all three functions are in C>([e, 7 — €], X(H))
with respect to r. Since P € C’; ([O7 7], Z(H)), one has the bound

(3.4) sup )IIAg(t,r)llc(m < C|IPlloslPllocliSllecrry < C()
re(0,7

for all t € [0,T7 — 7]. That is, r — A2(¢,r) is uniformly bounded and the integral
Jo J3 A2(t,r)zdrds is therefore well defined. Furthermore,

lim/ /Al(t,r)xdrds:R(t,x)—/ / Ao (t, )z drds.
=0t Je e 0o Jo

Hence, the integral fOT fos A1(t, r)x drds is also well defined and the sought after equal-
ity holds. ]

We can now prove consistency for the Lie scheme:
LEMMA 3.4. Let Assumptions 2.1 and 3.1 be fulfilled and let P be the solution

to (2.1). If |[LEP|l ey < v+ 1 for all k=0,...,n, then
IP((n+1)7) = LI Poll ey < D7(1+ [log 7)),
where D = D(7).
Proof. First observe that the hypothesis implies that the first n + 1 errors, i.e.

Ey, = P(kt) — L*Py, withk=0,...,n,
are all elements in £(H). By (3.3) and (3.1) it follows that
Eppiz=P((n+1)7)z — L2 Pyx
= Lo(P(n7) — LIPy)x + (L2(P(n7)) — Lo(L2 Py))
+ R(nt,z) — Ls(L} Py)z.
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Noting that the first term is €™ E,z, we can repeatedly apply this equality and obtain
the error representation

B =" Lo(Eo)z + Y e FTA(Ly(P(kr)) — La(LEPy))a
k=1

+Y e P A(R(kr, z) — Ls(LEPy))a.
k=0
Since Fy = 0, this representation gives the bound

1Bzl < O3 [|(La(P(kr)) — Lo(CEPo))al| + O3 | Es(Lh P
(3.5) h=l k=0
ZeT(”*k)AR(kT, x)
k=0

As Ly(P) = 7e"™AGP, the hypothesis and Lemma 2.12, with p = v + 1, yield the
bound

+ :IK1+K2+K3.

Ky < CO) Y 1Bkl ecanll|l-
k=1

Furthermore, Lemma 2.11 with p = 41, the trivial bound k7 < T, and the hypothesis
give

Ky <C(y) 7l
In order to bound K3, we recall Lemma 3.3 and obtain

K3 < K31+ Kso,

where
Ksj = ZQT("_’“)A/ / Nj(kr,r)zdrds||, j=1,2,
k=0 0 /0
with A; given in Lemma 3.3. By (3.4) one has the bound
Ky <CY / / Ao (b7, )z drds|| < C(y)7||z]|.
oo Jo

To bound K31, we note that

C
At all £ =—IPIZJIS ) e el

Directly using the equality fOT fos Tir drds = 7 on each of the summands does not

result in a good enough bound. We only do this for the last summand with & = n,

ie.
’/ / A (n7,r)xdrds
0o Jo

< C(y)rl=ll.
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For the remaining summands, we move the outer exponential into the integrals and
interchange it with the one in the integrand by using the relation Aet4 = e4A.
Lemma 2.5 then gives the bound

n—1 T s
||Ze7("7k)“4/ / A (k, r)z drds||
k=0 0 7o

n—1 T s
< Z / / He(T_")AAeT("_k)AGP(kT + r)m” drds
k=070 70

n—1
T S 1
< ———||GP(k drd
_OZ/O /0 eGP (kT 4 )z drds
k=0
n—1

1
< C|GPloo 7 Z m”x“
k=0

< C(y) (1 +logn)||z|.
In total,

| Ensillzy < sup K1+ Ko+ K3

[lz]]=1
<CH)(r Z”EkHL(H) +7(1+|logl)).
k=0

The sought after error bound then follows by a discrete Gronwall inequality, see e.g. [6,
Theorem 4.1]. d

Remark 3.5. We note that the condition |[L¥Py|lzy < 7+ 1 is an arbitrary
choice which could be replaced by || LXPy| 2y < v+ p for any p > 0 in order to tune
the error constants.

THEOREM 3.6. Let Assumptions 2.1 and 3.1 be fulfilled and let P be the solution
to (2.1). Then

|P(n7) — LIPy |l ccay < DT(1+ [log7|)  for all 7 < 7%,

where the constants D, 7 only depend on the solution (|| Pllss, | P||ec) and the problem
data (T, ||S|| 2y, |Q1 2cary)-

Proof. With the notation from Lemma 3.4, there exists an 7* such that
Dr(1+ |log7]) <1 forall 7 < 7%
Let 7 < 7* and assume that ||Ey| sy < D7(1 + |log]|) for £ =0,...,n. Then
L5 Poll ey < I1PET) 2y + 1 Brll ooy < v+1

and Lemma 3.4 implies that ||E, 1| zqy) < D7(1+ [log7|). As [[Eollz(a) = 0, the
first-order convergence follows by induction. O

3.2. Lie splitting under Assumption 3.2. We once more consider the Lie
splitting scheme, but with Assumption 3.2 rather than Assumption 3.1. In this case,
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the solution P to (2.1) guaranteed by Lemma 2.7 is only in C,([0,T],2(H)) rather
than Cj ([0, T],%(H)). We therefore choose a v > 0 such that

[Plloc <
in this section. We start the analysis by showing that AS + SA* is bounded and that
G is invariant under D(A).
LEMMA 3.7. Let Assumptions 2.1 and 3.2 be satisfied. Then AS + SA* € L(H).
Proof. Since AS € L(H), so is (AS)*. Furthermore, S = S* by Assumption 2.1,
and we have (AS)*z = S*A*z = SA*z for all x € D(A*). But D(A*) is dense in H,
e.g. by [16, Lemma 1.10.5], and hence (AS)* = SA* in L(H). d

Remark 3.8. The conclusion of Lemma 3.7 is what is needed for the analysis, and
could be directly assumed instead of the stronger condition given by Assumption 3.2.
However, this would be more difficult to verify, and Assumption 3.2 more clearly
shows that S is expected to be smoothing.

LEMMA 3.9. Let Assumptions 2.1 and 3.2 be satisfied and let P € D(A). Then
GP € D(A).

Proof. The operator GP is in the domain of A if —GP is, and this is equivalent
to the associated operator ppgp(x,y) being continuous with respect to the norm on
H. By Remark 2.2 it suffices to show that ¢psp(x,y) is continuous for x,y € D(A).
We have

vpsp(z,y) = (PSPz, Ay) + (Az, PSPy)
= (PSPz, Ay) + (Az, PSPy) + (ASPz, Py) + (Pxz, ASPy)
— (ASPz, Py) + (Pz, ASPy),
since AS is an element of £L(H) by Assumption 3.2. Now if we let 2’ = SPxz and
y' = SPy we find
ppsp(z,y) = (Pz', Ay) + (Axz, Py') + (Pz, Ay') + (Aa’, Py)
— ((AS + SA™) Pz, Py)
=¢p(@’y) + op(z,y) - (AS + SA™) Pz, Py).

Since P € D(A) we know that |pop(z,y)| < C|lz||||y||, which then implies that

lepsp(z,y)| < lep(a’, )l + lop(z,y)| + 1AS + SA* |l e | PN 2 2Ny
< Ol Myl + =11y 1) + iyl
< 2C|Pll e IS el vl + Cli iyl

Thus ¢psp is continuous with respect to the norm of H, so GP € D(A). 0

Bounding the remainder term R(k7, ) is the key step in the proof of Lemma 3.4.
The argument used there relies on P(t) being uniformly bounded, which does not
necessarily hold under Assumption 3.2 instead of 3.1. The next lemma shows that
under Assumption 3.2 we can express the integrand of R(kr, ) in terms of only P(t)z
and thereby avoid this issue.

LEMMA 3.10. Let Assumptions 2.1 and 3.2 be satisfied and P € C,,([0,T],%(H))
be the solution to (2.1). Then for r € [0,7) and t + 1 € (0,T] the identification

% (e(T_T)AGP(t +7)) = TTIAL(t 4 7),
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holds, where f : [0,T] — L(H) is defined by

(36)  f(s) = —QSP(s) — P(5)SQ +2P(s)SP(s)SP(s) — P(s)(AS + SA")P(s).
As a consequence,

(3.7) 1R (2] 1 gy < O3]

where C = C(v, || AS|| z(ay)-

Proof. By Lemma 2.6, the solution P is an element in C*°([¢,T],%(H)) and
P(t) € D(A) for all ¢ € [¢,T], with € > 0. Thus, like in the proof of Lemma 3.3, for
t+7r >0 with 0 <7r < 7 we have

d
o (T IAGP(t+ 7)) = M(t,7) + Aoty 7),

where Aj, j = 1,2, are stated in Lemma 3.3. In the following, P and P are always
evaluated at ¢ + r, but we do not always write this out for readability reasons. For
the same reason, we drop the arguments for the terms \;(¢, 7).
By using the differential equation (2.1) to expand P(¢ -+ r) and writing one of the
operator semigroups in terms of €™ and ™ we get
Ao = —eTIA((AP)SP + PS(AP))elT—14
— e MA(QSP + PSQ — 2PSPSP) = o1 + Moo
Due to Lemma 3.9, we can expand the operator A in As; in terms of A and A* and
then reassemble it again with a different argument, as follows. First let € D(A).
Then also e("~"4z € D(A) and
Ay = —elTIA((A*P + PA)SP + PS(A*P + PA))e™ "4y
—e(T™AY(A* PSP + PSPA + PASP + PSA*P)elm"4y
—eTIA(A(PSP) + P(AS + SA™)P)el™ "4y
= —Ae(T NAPSPx —e"AP(AS + SA*)Px
In the final equality, we have used the commutativity of A and e*. Since the operator
Ae(TAPSP (T~ AP(AS+SA*)P is well defined in £(H) by Lemmas 3.9 and 3.7,

and D(A) is dense in H (Remark 2.2), the above sequence of equalities hold for all
x € H. We thus have

Xo1 = AeTIAPSP — e(TAP(AS 4+ SA*)P

in the sense of L(H )-operators. We now observe that the first term in Ag; is in fact

A1, but with opposite sign. Thus,
d T—T T—"T *
I (e( MAGP(t + 7)) = A2z — eTAP(t 4 1) (AS + SA*)P(t + 1),

which is precisely e(T=" f(¢ 4 ). This proves the first claim.
Since ||AS + SA*| gy < C by Lemma 3.7, we then directly get by Lemma 2.5
that the integrand in (3.7) satisfies

[eTA Lt + )| 2y < C (s |AS 2 a)-
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Since this bound is independent of r, and 7 < T,

T S d
— S (r-r)A
|R(t,z)|| H/o /0 T (e GP(t+ T)x) drds

< [ [l A s+ il ards
0 0
< O3 1A e 7

which proves the second claim. 0

LEMMA 3.11. Let Assumptions 2.1 and 3.2 be fulfilled and let P be the solution
0 (2.1). If |ILEPy|| oy < v+ 1 for all k =0,...,n, then

[P ((n+1)7) = LY Poll ey < D,

where D = D(, | AS||z(m))-

Proof. By following exactly the same approach as in the proof of Lemma 3.4, we
find that

(3.8) |Ens12]] = K1 + Ko + Ks,
where K is defined in (3.5) and where

K+ K2 <CO)T(Q_IBk ey + 1) [l
k=1

Furthermore, by Lemmas 2.5 and 3.10 and the trivial bound k7 < T', we obtain

n
Z T RAR(kr, )

k=0

K3 =

< COn 1AS | ey Tl |-
Summing up yields

| Ent1llcca < HSIHJP1 Ky + Ky + K3 < Cr()_|IEkll e + 1),
zl= k=0

where C' = C(v,[|AS||z(m)), and the sought after error bound again follows by a
discrete Gronwall inequality [6, Theorem 4.1]. 0

Lemma 3.11 together with the proof of Theorem 3.6 then give us our second
convergence result:

THEOREM 3.12. Let Assumptions 2.1 and 3.2 be fulfilled and let P be the solution
to (2.1). Then

|P(n) = L2 Pollz(ay < DT for all 7 < 77,

where the constants D, 7* only depend on the solution (||P|ls) and the problem data
(T 1S 2eys 1@ ey s 1AS 2 2ry) -
Remark 3.13. We note that unlike in the proof of Theorem 3.6 we did not use the

bound on Ae*A. This was possible because the terms can be rearranged such that all
direct applications of A occur in AS + SA*, which is bounded under Assumption 3.2.



ANALYSIS OF SPLITTING FOR OPERATOR-VALUED DRE 17

4. Convergence analysis for Strang splitting. In this section, we analyze
the Strang splitting scheme for (2.1) under the Assumptions 2.1 to 3.2. We consider
an equidistant grid ¢, = n7 with time step 7 = T//N and approximate P" =~ P(t,).
In the notation of Section 2, the method is then defined by P"*! = S, P", where the
time-stepping operator S; is given by

S = eT/QFeTGeT/QF
= .
A second-order Taylor expansion of the nonlinear flow in S, gives the representation

S,P=¢eP+ / e"=9AQ ds + 17/ MG + TM)e™/?F P
0

(41) T/2A /T (7 *5)2 d? sG 7/2F
Mo = P
e . B) 836 e ds

in L(H), where M is defined in Lemma 2.12. Next, we reformulate the exact solution.
As for the reformulation in the Lie case, we make use of the fact that the mapping
s+ eT"IAGP(s) is in C([e, 7 — €], X(H)) and obtain the reformulation

P(r)=P(r—e+e¢)

_ e(T_E)AP({-j) n /T e(T—s)A(Q + GP(S)) ds

S
T

:e(TfE)Ap(g)Jr/ e(f*S)AstjL/ eTIAGP(s) ds

€ T—¢
—7/2)d
7“:7-/2/6 (S T/ ) 5

T—¢ d
T/2A S (r=r)A
4 eT/2AGP(7/2) / Lds+ - (e4GP(m)

T—€ s d2 (r—r)A
+/€ /7/2(8 — r)@(e GP(T)) drds
= I()(E,P()) + 11(8) + IQ(S,P()) + I3(€,P0) + I4(€,P0) + I5(€,P0).

From this we find that for any x € H the first two terms match the expansion of the
method, i.e.

lim Iy(e, Py)z = So(Po)x and lim [;(e)z = Syz.
e—0 e—0

The integrand of I is uniformly bounded on [r — &,7] and the integrand of I is
symmetric, which imply that

;%Ij(s,ﬂ))m =0 forj=24.
Finally, we note that
I3(Py) = lim Is(e, Po) = 7"/ PAGP(1/2).
e—

Thus we conclude that lim._, I5(g, Py)x exists and equals R(0,z) where

T s d2
— o ([ A(r—s)A
R(t,x) /0 /7/2(8 T) 32 (e GP(t+ r))w drds.



18 E. HANSEN, T. STILLFJORD, AND T. ABERG

This reformulation of the exact solution can be made not only at t = 0, but around
any t = k7 <T — 7, resulting in

P((k+ 1))z = So(P(k7))x + S12 + I3(P(kT))x + R(kT, ).
Throughout this section we once more choose a v > 0 such that

max{[|Pl[oo, | Plloc} < 7-
Before we prove consistency for the Strang splitting, we derive two preliminary results:
LEMMA 4.1. Let Assumptions 2.1 and 3.2 be fulfilled, then
[e74Se™" = S| zqmy < Cr,

where C = C(||AS||z(x))-

Proof. By expressing the difference as an integral,

.
/ AetASet A 1 + eSS A A 1 ds
0

||(e'rASe'rA* _ S)IH = ‘
= ‘ / SAASeA 1 + A8 A% A 1 ds
0

< C(I14Slecm + IISA™ e Tl

Note that commuting A and e*4 is justified, since AS is a bounded operator. ]

LEMMA 4.2. Let Assumptions 2.1 to 3.2 be satisfied and let P be the solution
to (2.1). Then, with f as in Lemma 3.10, the equality

2
a2l
is valid for r € [0,7) and t+r € (0,T]. Furthermore,

with a constant C' = C(v, [|AS| z(m))-

Proof. AsO0<r <7,0<t+r <T and Assumption 3.2 is fulfilled, Lemma 3.10
gives

d
TGPt + 7)) = —ATTIAS(t 4 1) + e(T_T)Aaf(t +7),

< C7°|||

T S d
/ / (s —r)eT™ A f(t + r)adrds
0 Jr/2 dr

% (e(T—T)AGP(t + 7“)) — e(T—r).Af(t +7).

Since f is an element of C>([e,T],%(H)), as it is a product of elements in £(H) and
the solution P € C*([e,T],$(H)), we obtain

d d
= (r—r)A — _ (r—r)A (r—r)A 2
e (1) = — A4 () 4 oL )

i.e. the desired equality. Writing out the last term yields the identity

% flt+7)=—QSP - PSQ+2(PSPSP + PSPSP + PSPSP)
— P(AS + SA")P — P(AS 4+ SA*)P,
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and the bound

(4.2) sup
re(0,7)

d d
T—r)A —_—

L(H

Hence,

T S d
_ (T—T).Aif drd
s—r1)e )z drds
|/ e AL
T/2 pT/2 d
§/ / (3—T)He(T_r)Ad—f(t—l—r)xHdrds
0 s r

+/ / (s—T)He(T_T)Aif(t—kr)xHdrds
T/2J71/2 dr

<ol & [ [ o narastel

< COy 1AS | i) [l

and the desired inequality is shown. We note that the integral was split in two since
the direction of integration in the inner integral changes when s < 7/2. |

Remark 4.3. Note that the expression for the second derivative consists of two
terms, and we only bound the second term. The first term will be handled separately
in the proof of Lemma 4.4.

We can now prove consistency for the Strang splitting:

LEMMA 4.4. Let Assumptions 2.1 to 3.2 be fulfilled and let P be the solution
0 (2.1). If |S¥Py|l ey <v+1 for all k=0,...n, then

1Ent1lleemy < D7(1+ | log]),

where D = D(v, [|AS|| z(m)-

Proof. Comparing the approximation and exact solution we get

Bz =P((n+1)7)z — SP Pya
=™ (P(nt) — SI'Py)x
+ (S2(P(nT)) — S2(SI'Py))
+ (I3 — S2) (P(n1))x
+ R(nt,z) — S3(S7(Py))z.

Again we see that the first term is €™ E,x so this term can repeatedly be rewritten
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using the above equality, resulting in the bound

1Enazll < C Y (S2(P(kr)) — S2(S5 Po)) x|

k=1
+C Y |I(Ts — Sa)(P(k))z|
k=0
+) AR, ) | + C D 1S5(SEPy)x|
k=0 k=0

= K1+ Ky + K3+ K4.

Applying Lemmas 2.5 and 2.12 yields

K1 < C)T(AL+7) Y Eallenllzl.
k=1

The term K, is similarly straightforward to bound, since the hypothesis implies that

||eT/2FSfPOxHL(H) <C(y) fork=0,...,n

and Lemma 2.11 then gives the bound

Ky < CZHS — e G SERy| / (T 3 aslle] < Cl)r2all.
Next, we bound the K5 term, starting by only considering a single summand. With
the shorthand
P =2 p(kr)
we obtain
(4.3)  ||(Is — S2)(P(kT))z|| < C7||(GP((k + 1/2)7) — GP)x + 7MPz|.
Introduce the function g defined by

g(t,s) = / eT/2TAGP(t + 1) dr,
0

where r — g(t,r) € C([e,7/2 — €], %(H)) for any € > 0, with its first two de-
rivatives being uniformly bounded by Lemma 3.10. This gives the representation
P((k+1/2)7) = P+ g(kt,7/2) and the equality

. /2 .
GP((k+1/2)1)x — GPx = / d—G(P + g(k,s))xds
0 S

/2
~3 (gs(kT 0)SP + PSgy(k,0) 0))a +/ / 32 G(P + g(kr,7))z drds,
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where g; = 0g/0s. Inserting this equality into (4.3) and summing up yields

Ky < CZ ?|| (96 (7, 0)SP + PSgy(kr,0) — 20 P)a|

+CZ

Now let P be shorthand for P(k7). For the individual Ks;-summands, writing out

P =e/2ApP 4 fOT/Q e(7/2=9)AQ ds results in many terms, most of which contain the
integral as a factor. Since all the other factors in these terms are uniformly bounded,
they are all bounded by C(y)7. We thus get

/2

P + g(kT, r))x drds|| =: K91 + Kos.

dr2

H (ga(kT,0)SP + PSg,(kr,0) — QMP)mH
= ||(e7/*A(PSP)SPx + PSe™/**(PSP) — 2PSPSP)x|
< |[(G(eT/?AP)Se™/2AP — eT/2A(GP)Se™/*AP) x|
+[[((e7/2AP) SG(e7/#AP) — (e7/2AP) Se7/2A(GP) )l + C(7)
< 7C(0, |AS| 2oyl
where the last bound follows from Lemma 4.1.

Furthermore, the integrand of each Kss-summand can be bounded by

G(P + g(kr,7))

d2
H@ HE(H)

= H (]5 + g(kT, r))Se(T/Z_T)Af(kT + 1)+ T 2AL (R 4 T‘)S(P + g(kT,7))
+2e7/2° A (PSP se/2 04 (Psp) |
L(H)

< 2C|Sllecny (1 flloe sup_[lg(er, )+ 1L flloo | Pllecany + IPIS NS 12 ary)

re(0,7/2

2
Pyl _ g

since
Ky; gives

+ 7). Applying the derived bounds on the summands of

Ky < C(7, [|AS|| cgry) 7?1
Finally, we bound K3. By Lemma 4.2 we obtain that

K3 < K31 + K32

where

Ks; = for j=1,2,

> elnmhrA / / A, (kr,r)a drds
k=0 0

/2

with
Mt ) = —(s —r)AeT At 4+ 1)
Ao(t,m) = (s — r)e(T_T)A%f(t +7).
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Note that the improper integral [/ [° o M (k7,m)xdrds is well defined since r
Az2(t, ) is uniformly bounded by (4.2) and

T—€E S T s
lim / / A1 (k7,r)zdrds = R(t,x) — / / Ao (kr,r)x drds.
e=0F Jg /2 0o Jr/2

From the bound in Lemma 4.2 we directly have

Ksy < )\2 kr,r)zdrds|| < C(v, || AS| c(m) T

For K3; we proceed as in Section 3.1, bounding the & = n term separately:

T ps T/2 pT/2
H/ A1 (nT, r)xdrdsH S/ / [IA1(n7,r)x| drds
0o Jr/2 0 s
+/ / I\ (nr, )| drds
T/2J71/2
T/2 T/2
< O[]l / / drds+/ /
202 T

C (v, I1AS ) / / " drdslel = O, 148 | ) ol

For the rest of the sum we have the bound

"Tfe(n—k)ff\ /T ) /\l(kr,r)xdeSH
k=0

0 Jr/2

drds ||x||

n=1 .r/2 .7/2
< Z / / (s —r)eT=A A=A £ (¢ 4 )| drds
n—1
+ Z/ / P)eT AL RITA (1 4 )| drds
T/2J71/2

< Cllfoo(Z//2 //2 e drds) ]
k=0

O 148 | imy) Zﬁnxn

k=0
C(, | A8l ()7 (1 + log n) [l

Combining the bounds for K; give

HETL+1H£(H) = Ssup K1 + K2 + Kg + K4
llzll=1

< CONT Y N Eklle + CO, | AS]| i) T (1 + |log 7).
k=1

From this the desired bound is found by a discrete Gronwall inequality. O
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The convergence analysis of the Strang splitting scheme now follows by an identi-
cal argument to the one in the proof of Theorem 3.6, using the bound provided by
Lemma 4.4 instead of Lemma 3.4:

THEOREM 4.5. Let Assumptions 2.1 to 3.2 be fulfilled and let P be the solution
to (2.1). Then

|1P(n7) = S2(Po)ll ey < DT*(1+ |log7|)  for all T < 7%,

where the constants D, 7* depend only on the solution (||P|so,||P|s) and problem
data (T, ISz, 1Q 2cays 1AS £ (ary)-

Remark 4.6. We note that essentially the same results would hold true also for
the alternative splitting methods given by L, =eCe™F and S, = e™/2GeTFeT/2G e,
when the roles of F' and G have been interchanged. However, this ordering leads to
some extra technicalities, particularly for the Strang splitting where we would need
to expand e7/2¢ twice. Numerical experiments suggest that either ordering performs
similarly in terms of efficiency. While e™@ is typically cheaper to evaluate than e™",
the initial factor e™/2F in a time-step with S, can be combined with the final e™/2F

from the previous step into a single e™'-computation.

5. Bounds on control signals. As an application of our abstract results we
derive error bounds for the quantities involved in the approximation of a LQR prob-
lem. Let A, B, F and P, be operators such that Assumption 2.1 holds. The goal is
to find an element u* € L%([0,T],U) such that the functional

T
(5.1) J(u) = /O ly @)1 + lu(®)]|? dt + (Pox(T), x(T)),
is minimized, subject to the constraint that x and y fulfill

&= Az + Bu, te(0,1],

y= Lz,
with x(0) = zp. The trajectory of the path which minimizes (5.1), here denoted by
x*, can be expressed in terms of the solution P to the associated differential Riccati
equation, as the solution to
(t) = (A— BB*P(T —t))x(t), te(0,T],

(5:2) z(0) = xo.

The optimal control signal u* is thus given by
(5.3) u*(t) = —=B*P(T — t)z*(t), te€ (0,T).

For a more detailed explanation of these results we refer to [5].

Let { L (Py) }iV:o be the sequence of Lie approximations to the differential Riccati
equation associated with (5.1), where N7 = T. Since these approximations are only
found at discrete points in time, there is no direct way of generating the “optimal”
path in the sense of (5.2). We therefore proceed by linear interpolation and define
P, € C([0,T],%(H)) by

t—nt

EZNT pnti(By) for t € [nr, (n + 1)7],

Pr(t) = (1~ -

)L(R) +

-
n=0,...,N—1



24 E. HANSEN, T. STILLFJORD, AND T. ABERG

Following the procedure of constructing the optimal control signal in the continuous
case, we let z7 denote the solution to

i=(A—BB*P,(T —t))z, te€l0,T],

5.4

(5.4) x(0) = xo,

and let

(5.5) wt = —B*P,(T — t)z.

The following preliminary approximation result will be used to bound the error
lw*(t) — uwi(t)|ly uniformly on [0, T].

LEMMA 5.1. Let the assumptions of Theorem 3.6 be fulfilled. Then

|P = Prlleo < C7(1+ |logT|),

where P is the solution to (2.1) and Py is the linear interpolation of the Lie approxi-
mations {Ef(Po)}:;O. Additionally, the following bounds hold:

[Prllec < C5
sup )Hff*(t)H < Cllaoll;

’

sup [27(t) — 2" (t)]| < C7(1 + [log7|)||zoll,
te(0,T)

where £* and x¥ are the solutions to (5.2) and (5.4), respectively.

Proof. By Assumption 3.1, the exact Riccati solution P belongs to C;([0,T]),
which means that for any x € H we may express it as

u+r .
P(u+r)x = P(u)x + / P(s)xds.

u

We let ¢ = nr + 1, where r € [0,7] and 0 < n < N — 1. Then
P(nt + )z — Py(nt + )z
= (1—r/7) (P(m )z — cﬁ(Po)x) ey (P(nT 1)z — a;“(Po)x)
= (1—r/7) (P(m-) - /:z(Po))x + T/T(P((n L 1)7) — c¢+1(PO))x

L (1—r/7) /O Plnr + s)ads — /7 /: P(nr + s)z ds.

Now using Theorem 3.6 and the fact that || P||s is bounded, we find that

|P(n7 +r)a — Pr(nt + r)z|| < Or(1 + [log 7|)|lal| + 2r(1 — r/7)[|Pllo |
< CO7(1 +[log7|)||=[,

where C' is independent of ¢, which means that the first bound holds. Additionally,
this bound implies that || Pr||c is bounded, since || P||oo is bounded and 7 < 7*. From
[5, Proposition II-1.3.2 and II-1.3.4] (5.2) and (5.4) have mild solutions. Applying
Gronwall’s inequality [6, Proposition 2.1] to ||z*(t)|| and ||z%(¢) —2*(¢)| and using the
fact that they are mild solutions yields the final two bounds. 0
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COROLLARY 5.2. Let the assumptions of Theorem 3.6 be fulfilled, with approxi-

mations {Lﬁ(Po)}nNZO. Let u* be the optimal control signal, defined by (5.3), and u*
be the control signal defined by (5.5). Then

sup [[u”(t) = uz(t)llu < C(1 + [log 7]} [zol|.
te(0,7T)

Proof. From the definitions of the control signals we have
u*(t) —ui(t) = —B*P(T — t)z* + B*P.(T — t)z(t)
- _p* (P(T —t)z* — Po(T — t)z* + Po(T — t)z* — Po(T — t)x*).

T

Thus we can write the error as

[u™(t) = uz(®)llv < 1Bl 2mv) (lllD = Prlloollz™ ()1 + [1Pr[loo |l () — xi(t)ll)
from which the result follows by applying the bounds from Lemma 5.1. ]

6. Numerical experiments. In order to illustrate the theoretical results, we
now present several numerical experiments. They are all based on the connection
between DREs and the optimal control of LQR considered in the previous chapter.
We set H = L?(Q2), with Q = (0,1), and choose A = A, the Laplacian with periodic
boundary conditions, and Fzr = fQ x, such that the problem is a controlled heat
equation on the unit interval where we observe the mean of the state z. The control
operator B : R — H and the initial condition Py = G*G : H — H will be chosen
such that different combinations of Assumptions 3.1 and 3.2 are fulfilled.

A family of examples that fulfill Assumption 3.2 can easily be constructed by
letting B : R — H be given by

Bu=wup
for any p € W C H. The adjoint B* : H — R is given by

B*v = (v,p)u,
so S = BB* : H — H satisfies

Sv = BB*v = (p,v)up.
This means that S actually maps into W. By choosing W = D(A) = H?> N H},.(),

er
Assumption 3.2 is satisfied. Using the same construction but instead choosiflg pE
H \ D(A) means that the assumption will not be satisfied. Since A = A* in our
experiments, the above procedure can also be used to construct a Py that either
satisfies Assumption 3.1 or not, by simply replacing B with G*.

We generate the functions p1 and py in H2NH] () and &; and & in H*(Q) = H
by sampling two different Q-Wiener processes, as described in [12, Section 10.2]. Es-
sentially, this means that we compute weighted sums of eigenfunctions to the Lapla-
cian, where the weights are appropriately scaled random numbers. The functions are
initially evaluated on a grid with INj, = 2!7 grid points and then projected onto each of
the coarser grids. We choose different combinations of p; and &;, j = 1,2, to construct
S and P, as described above, such that all combinations of fulfilling Assumption 3.1
and Assumption 3.2 are covered. These choices are listed in Table 1, and the functions

themselves are plotted in Figure 1.
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Experiment ‘ S Py Assumption 3.1 Assumption 3.2

1| p1 p2 Yes Yes
21 p1 & No Yes
3| & pe Yes No
4 fl 52 No No

Table 1: Overview of the experiment setup.

P1 P2

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Fig. 1: The functions p; € H?N H;QY(Q) and & € H, j = 1,2 used to generate the
operators Py and S in the experiments.

Remark 6.1. The operators S = 0 and Py = 0 clearly satisfy the assumptions.
However, S = 0 is not a good choice for our purposes here, since it completely
removes the nonlinearity in the DRE and thus means that the splitting schemes are
exact. Similarly, Py = 0 leads to an exact solution P which is C*°([0,7],%(H)). This
follows from a minor modification to the proof of Theorem IV-1.3.1 in [5]. While it
has not been rigorously proven in this paper, we expect that such high regularity will
lead to optimal convergence orders for both schemes, regardless of any assumption on
S. That is, Assumption 3.2 would not need to be satisfied for the Strang splitting to
be of order 2 when Py = 0. This is why we do not use this initial condition in the
experiments and instead consider a more general one.

Since we cannot time-step the operator-valued DREs directly, we first discretize
in space using the finite element method (FEM) with piecewise linear basis functions
vj, J=1,...,N,. We denote the approximation space by V}, := span ({goj ;Vz"l) and
note that Vi, C V = H]}..(Q) C H. As described in detail in [13], the operator-valued
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DRE (2.1) then turns into the matrix-valued DRE
(6.1) MPM = MPA + ATPM + E'E - MPBB"PM,

where the matrices A € RV»*Ne M ¢ RNeXNe . B € RV2 X1 E ¢ RY*Ne are given
by Ai’j = (Atpj7(pi), Ml"j = ((pj,goi)7 Bi,j = (BLLpi), Ei’j = (E(pj, 1). The matrix
P(t) € RN»*Nu ig the matrix representation of the FEM-approximation P, (t) : Vj, —
Vito P(t): H— H. IV, 32 =Y " &0 with & € R¥ then

N
(6.2) Put)r = 3 Py()(w, ).

i,j=1

The initial value P, (0) is the projection of P(0) onto £(V}, V3,), which satisfies P, (0) =
(Idp)*P(0) Id;, where Idy, : Vi, — V' C H is the identity operator and (Id,)* : H — V},
is the H-orthogonal projection onto V},.

The natural extension of P, (t) to an operator on H is given by Idy Py (t)(Idp)*,
and the £(H)-norm of this operator is given by

1Kdn Pu())(1dn)* [ty = I 5P () Lz,

where M = LpL%; is a Cholesky factorization of the mass matrix and ||||gvxn
denotes the standard spectral matrix norm.

In each experiment, we use several different spatial discretizations, corresponding
to N = 2%, k = 2,...,14. For each Nj,, we apply the Lie and Strang splitting
methods with N, = 27 time steps for j = 2,...,12, corresponding to time steps of size
7 = 277 /10, until reaching 7" = 0.1. We use the low-rank-factored implementations of
these schemes provided in the Matlab package DRESplit! with the low-rank tolerance
set to 10715,

Denote the approximation of P, (n7) by P;'. The temporal errors for each h are
computed as

err; = max 11dn (P = Pl reg) (Idn)* || £(ay s

T,ref
n=1,...,N; ’

where the reference approximation P .. is given by applying the Strang splitting
approximation with time step 7ot = 2713 and discarding the intermediate steps which
do not coincide with n7, n =1,..., N;.

As Ny, increases, the spatial discretization gets finer, and the matrix-valued DRE
tends to the corresponding operator-valued DRE as N, — oco. For each fixed spa-
tial discretization, we expect the time discretizations to converge with order 1 and 2,
respectively. But when Nj, — oo, this should break down, unless a relevant combi-
nation of Assumptions 3.1 and 3.2 are fulfilled. One way this can manifest in is that
the largest 7 for which the “correct” orders are observed decreases as N, — oc.

6.1. Experiment 1. The errors are shown in Figure 2, and we observe temporal
convergence with perfect order 1 and 2 for the Lie and Strang splittings, respectively,
regardless of the spatial discretization. Since both Assumptions 3.1 and 3.2 are ful-
filled, this is the expected result according to Theorems 3.6, 3.12 and 4.5.

L Available from the corresponding author on request, or from www.tonystillfjord.net.
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107 ¢ e
1072 F E
2 103F E
[«]
e N, =4 Np =128 4 N;, = 4096
; N, =8 Nj = 256 %N, = 8192
10’4 e —+—Nh =16 Nh =512 —--Nh = 16384 =
5N, =325 N, = 1024—0O(7)
Nj, = 644Nj, = 2048 -O(72)
10’5 Ll | |
1074 1078 1072
T
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107 A —
[N, =4 =N, =128 *N, = 4096
FleN, =8 Ny =256 =N, = 8192
104 L1+Ny =16~ N, = 512 —-N;, = 16384 ]
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10-8 E 3
10-10: L L P R R | L L T R | il

1073 1072

T

Fig. 2: The errors err, for Lie (top) and Strang (bottom) splitting in a setting when
Assumptions 3.1 and 3.2 are both fulfilled. Each curve corresponds to a different
spatial discretization with Nj nodes.

6.2. Experiment 2. The errors are shown in Figure 3, and we again observe
temporal convergence with essentially perfect order 1 for the Lie splitting, regardless of
the spatial discretization. This is in line with Theorem 3.12. For the Strang splitting,
however, only the coarsest spatial discretization, corresponding to N, = 4, yields a
curve of slope 2 for the whole interval of time steps. For finer spatial discretizations,
the errors behave more like O(7) until 7 is small enough. Since only one of the
assumptions required for Theorem 4.5 is satisfied, this is the expected result. We also
note that, in contrast to Experiment 1, the errors initially increase as Nj, increases. It
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Lie
107 S S o
10-47 /’, E
105 & E
£ 100 4
6]
Nj, = 128 4N, = 4096
107 ¢ ©N, =8 N, =256 %N, =8192 |3
+Nj, =16 N, =512 N, = 16384
1080 Ny, = 325N, = 1024—0(7) ]
N, = 64< N, = 2048- -O(72) ]
10-9 | | 1 |
107 1078 1072
T
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Nj, =128 =N, = 4096
F N, =38 Ny =256 =N, = 8192
100L +Nj, =16+ Ny =512 ---N;, = 16384/
i 5Ny = 325N, = 1024—0(7)
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Fig. 3: The errors err, for Lie (top) and Strang (bottom) splitting in a setting when
Assumption 3.2 is fulfilled but Assumption 3.1 is not. Each curve corresponds to a
different spatial discretization with N, nodes.

is unclear why this increase stops around N, = 128, but we conjecture that is is related
to the fact that each spatial discretization employs its own reference approximation.

6.3. Experiment 3. The errors in this experiment are shown in Figure 4, and
they are quite similar to those in Experiment 1. Since Assumption 3.1 is satisfied,
Theorem 3.6 explains the Lie results. However, as Assumption 3.2 is not fulfilled,
Theorem 4.5 cannot be used to argue for why the Strang splitting performs so well.
With this said, we have not proven that the given assumptions are necessary condi-
tions, only sufficient. Better than expected convergence properties can occur in some
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Lie
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Fig. 4: The errors err, for Lie (top) and Strang (bottom) splitting in a setting when
Assumption 3.1 is fulfilled but Assumption 3.2 is not. Each curve corresponds to a
different spatial discretization with N, nodes.

cases, but this cannot be relied upon to always happen.

6.4. Experiment 4. In this final experiment, none of the assumptions are ful-
filled, and the errors shown in Figure 5 accordingly behave more erratically than in
the other experiments. For Lie splitting, we observe convergence of order 1 for the
coarsest spatial discretizations, but as IV}, increases this decays and the errors increase.
The effect is seen even more clearly for Strang splitting, where convergence of order
2 is initially observed, but for each increase of N, the time step size after which this
is observed becomes smaller. We also see more clearly how the errors increase as Ny
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Fig. 5: The errors err, for Lie (top) and Strang (bottom) splitting in a setting when
neither Assumption 3.1 nor Assumption 3.2 is fulfilled. Each curve corresponds to a
different spatial discretization with N, nodes.

increases.

7. Conclusions. We have rigorously proved first- and second-order convergence
of Lie and Strang splitting when applied to operator-valued DRE. These are the
classical orders, which are to be expected for matrix-valued DREs under essentially no
assumptions, since those are equivalent to systems of ODEs. However, as confirmed by
the numerical experiments, if those matrix-valued equations are spatial discretizations
of operator-valued equations then additional assumptions are necessary to avoid order
reduction when the discretizations are refined. Our analysis relies on Assumption 3.1
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or Assumption 3.2, either of which yield the requisite regularity of the exact solution.
While we have not proven this, it seems unlikely that weaker assumptions would
result in the full classical orders. However, we conjecture that assuming, e.g., Py €
D(A") with 0 < r < 1 should lead to a solution P € Cj([0,7],%(H)) and thence
to convergence with order r for Lie splitting. Investigating such modifications of the
error analysis, as well as extensions to the case when B and F in the corresponding
LQR problem are relatively unbounded operators, are topics for future work.
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