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SUB-LINEAR CONVERGENCE OF A STOCHASTIC PROXIMAL
ITERATION METHOD IN HILBERT SPACE

MONIKA EISENMANN, TONY STILLFJORD, AND MANS WILLIAMSON

ABSTRACT. We consider a stochastic version of the proximal point algorithm
for optimization problems posed on a Hilbert space. A typical application of
this is supervised learning. While the method is not new, it has not been
extensively analyzed in this form. Indeed, most related results are confined to
the finite-dimensional setting, where error bounds could depend on the dimen-
sion of the space. On the other hand, the few existing results in the infinite-
dimensional setting only prove very weak types of convergence, owing to weak
assumptions on the problem. In particular, there are no results that show con-
vergence with a rate. In this article, we bridge these two worlds by assuming
more regularity of the optimization problem, which allows us to prove conver-
gence with an (optimal) sub-linear rate also in an infinite-dimensional setting.
We illustrate these results by discretizing a concrete infinite-dimensional clas-
sification problem with varying degrees of accuracy.

1. INTRODUCTION

We consider convex optimization problems of the form

(1.1) w”* = argmin F'(w),
weH

where

F(w) = E¢[f(w, §)].
The main applications we have in mind are supervised learning tasks. In such a
problem, a set of data samples {z}}_, with corresponding labels {yx}}_, is given,
as well as a classifier h depending on the parameters w. The goal is to find w such
that h(w,z) = yi, for all k € {1,...,n}. This is done by minimizing

(12) F(w) = 3" fh(w,;),).
j=1

where £ is a given loss function. We refer to, e.g., Bottou, Curtis & Nocedal [1] for
an overview. In order to reduce the computational costs, it has been proved to be
useful to split F' into a collection of functions f of the type

fw,€§) = |35|Z€ (w,25),9;),
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where Bg is a random subset of {1,...,n}, referred to as a batch. In particular,
the case of |Be| = 1 is interesting for applications, as it corresponds to a separation
of the data into single samples.

A commonly used method for such problems is the stochastic gradient method
(SGD), given by the iteration

wk+1 = wk - O‘kvf(wk7§k)7

where oy, > 0 denotes a step size, {£¥ }1.en are jointly independent random variables
and V denotes the Gateaux derivative with respect to the first variable. The idea
is that in each step we choose a random part f(-,€) of F' and go in the direction of
the negative gradient of this function. SGD corresponds to a stochastic version of
the explicit (forward) Euler scheme applied to the gradient flow

w=—-VF(w).

This differential equation is frequently stiff, which means that the method often
suffers from stability issues.

The restatement of the problem as a gradient flow suggests that we could avoid
such stability problems by instead considering a stochastic version of implicit (back-
ward) Euler, given by

wh = wk — ap Vf(wh T €F).

In the deterministic setting, this method has a long history under the name prozimal
point method, because it is equivalent to

wk+1

= argmin {af(w) + Jw—w |’} = prox,(w"),

weH 2
where

proxaf(wk) = (I +aVf) tw",

The proximal point method has been studied extensively in the infinite dimensional
but deterministic case, beginning with the work of Rockafellar [2]. Several con-
vergence results and connections to other methods such as the Douglas—Rachford
splitting are collected in Eckstein & Bertsekas [3]

Following Ryu & Boyd [4], we will refer to the stochastic version as stochastic
prozimal iteration (SPI). We note that the computational cost of one SPI step is in
general much higher than for SGD, and indeed often infeasible. However, in many
special cases a clever reformulation can result in very similar costs. If so, then SPI
should be preferred over SGD, as it will converge more reliably. We provide such
an example in Section 5.

The main goal of this paper is to prove sub-linear convergence of the type

i} c
[

in an infinite-dimensional setting, i.e. where {w"},en and w* live in a Hilbert space
H. As shown in e.g. [5, 0], this is optimal in the sense that we cannot expect a
better asymptotic rate even in the finite-dimensional case.

Most previous convergence results in this setting only provide guarantees for
convergence, without an error bound. The convergence is usually also in a rather
weak norm. This is mainly due to weak assumptions on the involved functions
and operators. Overall, little work has been done to consider SPI in an infinite
dimensional space. A few exceptions are given by Bianchi [7], where maximal
monotone operators VF: H — 2 are considered and weak ergodic convergence
is proved. In Rosasco et al. [8], the authors work with an infinite dimensional
setting and an implicit-explicit splitting where VF' is decomposed in a regular and
an irregular part. The regular part is considered explicitly but with a stochastic
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approximation while the irregular part is used in a deterministic proximal step.
They prove both VF(w*) — VF(w*) and w* — w* in H as k — oo.

In the finite-dimensional case, stronger assumptions are typically made, with
better convergence guarantees as a result. Nevertheless, for the SPI scheme in
particular, we are only aware of the unpublished manuscript [4], which suggests
1/k; convergence in R%. Based on [1], the implicit method has also been considered
in a few other works: In Patrascu & Necoara [9], a SPI method with additional
constraints on the domain was studied. A slightly more general setting that includes
the SPI has been considered in Davis & Drusvyatskiy [10]. Toulis & Airoldi and
Toulis et al. studied such an implicit scheme in [11, 12, 13].

Whenever using an implicit scheme, it is essential to solve the appearing implicit
equation effectively. This can be impeded by large batches for the stochastic ap-
proximation of F'. On the other hand, a larger batch improves the accuracy of the
approximation of the function. In Toulis, Tran & Airoldi [14, 15] and Ryu & Yin
[16], a compromise was found by solving several implicit problems on small batches
and taking the average of these results. This corresponds to a sum splitting. Fur-
thermore, implicit-explicit splittings can be found in Patrascu & Irofti [17], Ryu &
Yin [16], Salim et al. [18], Bianchi & Hachem [19] and Bertsekas [20]. A few more
related schemes have been considered in Asi & Duchi [21, 22] and Toulis, Horel
& Airoldi [23]. More information about the complexity of solving these kinds of
implicit equations and the corresponding implementation can be found in Fagan &
Iyengar [24] and Tran, Toulis & Airoldi in [15].

Our aim is to bridge the gap between the “strong finite-dimensional” and “weak
infinite-dimensional” settings, by extending the approach of [1] to the infinite-
dimensional case. We also further extend the results by allowing for more gen-
eral Lipschitz conditions on Vf(-,€), provided that sufficient guarantees can be
made on the integrability near the minimum w*. These strong convergence re-
sults can then be applied to, e.g., the setting where there is an original infinite-
dimensional optimization problem which is subsequently discretized into a series of
finite-dimensional problems. Given a reasonable discretization, each of those prob-
lems will then satisfy the same convergence guarantees. We will follow [4] closely,
because their approach is sound. However, several arguments no longer work in the
infinite-dimensional case (such as the unit ball being compact, or a linear operator
having a minimal eigenvalue) and we fix those. Additionally, we simplify several of
the remaining arguments, provide many omitted, but critical, details and extend
the results to less bounded operators.

A brief outline of the paper is as follows. The main assumptions that we make
are stated in Section 2, as well as the main theorem. Then we prove a number of
preliminary results in Section 3, before we can tackle the main proof in Section 4.
In Section 5 we describe a numerical experiment that illustrates our results, and
then we summarize our findings in Section 6.

2. ASSUMPTIONS AND MAIN THEOREM

Let (Q,F,P) be a complete probability space and let {¢¥},cy be jointly inde-
pendent random variables on Q. Each realization of ¥ corresponds to a different
batch. Let (H,(-,-), |- ||) be a real Hilbert space and (H*, (-,) g, || - || gr+) its dual.
Since H is a Hilbert space, there exists an isometric isomorphism ¢: H* — H such
that +=': H — H* with :=% : w ~ (u,-). Furthermore, the dual pairing is denoted
by (u',u) = u'(u) for v’ € H* and u € H. It satisfies

(ruyv) = (u,v) and (U, v) = (w,v), w,v € Hyu' € H*.
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We denote the space of linear bounded operators mapping H into H by L(H). For
a symmetric operator S, we say that it is positive if (Su,u) > 0 for all w € H. Tt
is called strictly positive if (Su,u) > 0 for all w € H such that u # 0.

For the function f(-,€): HxQ — R, we use V, as in V f(u, £), to denote differen-
tiation with respect to the first variable. When we present an argument that holds
almost surely, we will frequently omit & from the notation and simply write f(u)
rather than f(u,&). Given a random variable X on (2, we denote the expectation
with respect to P by E[X]. We use sub-indices, such as in E¢[-], to denote expec-
tations with respect to the probability distribution of a certain random variable.

We consider the stochastic proximal iteration (SPI) scheme given by

(2.1) Wt = wh — V(W ER)  in H, w'=w; in H,
for minimizing

F(w) = E¢[f(w, &)],
where f and F fulfil the following assumption.

Assumption 1. For a random variable &, the function f(-,£): H xQ — R is lower
semi-continuous, convexr and proper as well as Gateaux differentiable on H almost
surely. Additionally, f fulfills the following conditions:

e There exists m € N such that (E¢[||V f(w*,§) %{*])27 =0 < 00.
e For every R > 0 there exists Lr: @ — R such that

||Vf(u,§) - vf(v7€)||H* < LRHU‘ - UH
almost surely for all u,v € H with ||ul],||v|| < R. Furthermore, there exists
a polynomial P: R — R of degree 2™ — 2 such that Lr < P(R) almost
surely.
o There exists a random variable M : Q — L(H) such that the image is sym-
metric and for all u,v € H

F(0,€) > (0,6) + (V(0,),u— 0) + £ (M(u—v),u—)

1s fulfilled almost surely. Further, there exists a random wvariable f: ) —
[0,00) such that (Mu,u) > fillul|* for all w € H with E[ji] = p > 0 and
E[@%] = v? < c0.

o The situation is not degenerate, in the sense that there exists a u € H such
that F(u) < oo and

Ec| inf f(u,€)] > —oc.

An immediate result of Assumption 1, is that the gradient V f(-,£) is maximal
monotone almost surely, see [25, Theorem A]. As a consequence, the resolvent
Ty = (I+Vf(-&) ! is well-defined almost surely, see Lemma 3.1 for more details.
Furthermore, it is straightforward to show that F' is Gateaux differentiable, lower
semi-continuous, strictly convex and proper by employing dominated convergence
and Fatou’s lemma ([26, Theorem 2.3.6]). See, e.g., [4] for the main ideas. As a
consequence, there is a unique minimum w* of (1.1).

Remark 2.1. The idea behind the operators M is that each f is is allowed to be
only convex rather than strongly convex. However, they should be strongly convex
in some directions, such that f is strongly convex in expectation.

Remark 2.2. We note that from a function analytic point of view, we are dealing
with bounded rather than unbounded operators VF'. However, also operators that
are traditionally seen as unbounded fit into the framework, given that the space H
is chosen properly. For example, the functional F(w) = § [|[Vw]||* corresponding
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to VF = —A, the negative Laplacian, is unbounded on H = L?. But if we instead
choose H = H}, then H* = H~! and VF is bounded and Lipschitz continuous.
In this case, the splitting of F(w) into f(w,&") is less obvious than in our main
application, but e.g. (randomized) domain decomposition as in [27] is a natural
idea. In each step, an elliptic problem then has to be solved (to apply ¢), but this
can often be done very efficiently.

For a random variable X, we let E¢»[X] denote the expectation with respect to
£F given w*~!. We are interested in the total expectation

Ei[IXI°] = Ber [Be [ B [|XIP] -]

Since the random variables {¢¥} ey are jointly independent, and w* only depends
on &7, j < k — 1, this expectation coincides with the expectation with respect to
the joint probability distribution of £!,...,£¥~1. Our main theorem states that we
have sub-linear convergence of the iterates w”* to w* measured in this expectation:

Theorem 2.1. Let Assumption 1 be fulfilled and let {¢*}ren be a family of jointly
independent random variables on Q. Then the scheme (2.1) converges sub-linearly
if the step sizes fulfill oy, = 3 with n > i In particular, the error bound

. C
Ek_l[”’wk —w ||2] < E

is fulfilled, where C' depends on ||wy — w*||, p, v, o, n and m.

The proof of this theorem is given in Section 4. In order to prepare for this,
however, we first need a series of preliminary results.

3. PRELIMINARIES

First, let us show that the scheme is in fact well-defined, in the sense that every
iterate is measurable if the random variables {¢F}cn are.

Lemma 3.1. Let Assumption 1 be fulfilled. Further, let {¢*}.en be a family of
jointly independent random variables. Then for every k € N there exists a unique
mapping wkt: Q — H that fulfills (2.1) and is measurable with respect to the joint
probability distribution of €Y, ..., €F.

Proof. We define the mapping
h:Qx H—H, (w,u)—w"— (T +auVE, e w)u.

For almost all w € , the mapping f(-,£¥(w)) is lower semi-continuous, proper
and convex. Thus, by [25, Theorem A] Vf(-,£¥(w)) is maximal monotone. By
[28, Theorem 2.2], this shows that the operator 1! + ax Vf(-, &% (w)): H — H* is
surjective. Furthermore, due to the monotonicity of V f(-,&*(w)) it follows that
(T VG EW))u— (T VR W))vou =) > flu— ol
which implies
(=t + VL EFW))u— (T + oszf(~,§k(w)))v|| > Jlu— .

This verifies that I+a,tV £ (-, £¥(w)) is injective and, in particular, bijective. There-
fore, there exists a unique element w"*!(w) such that

hw, wFH (W) = w? — (I + auV (-, (W) w" ! (w) = 0.

We can now apply [29, Lemma 2.1.4] or [30, Lemma 4.3] and obtain that w
wh*1(w) is measurable. O
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For the further analysis, we now introduce the function f (,&): HxQ — R given
by

(B1) J,€) = S0, ) + (Y (0, ),u o) + 5 (M(u — o) — o),

where ug € H is a fixed parameter. This mapping is a convex approximation of f.
Furthermore, we define the function 7(-,£): H x 2 — R given by

Their gradients Vf(-,€): HxQ — H* and V7(-,£): H x ) — H* can be stated as

Vi (u,€) = Vf(uo,€) + (M(u —uo),")
Vi(u,§) =V f(u,§) = Vf(uo, &) — (M(u—up),-)
for v € H almost surely.
Lemma 3.2. The function 7 defined in (3.2) is convex almost surely, i.e., it fulfills

F(u, &) > 7(v,&) + (Vi(v,€),u — v) for all u,v € H almost surely. The gradient
V7(-,€) is monotone almost surely.

Proof. In the following proof, let us omit £ for simplicity and let u,v € H. Since f
is M-convex almost surely, it follows that

flu) > fv) +(Vf(v),u—v) + %(M(u —v),u—wv) almost surely.

For the function f we can write

f(u) = f(uo) + (Vf(uo),u —uo) + %(M(u —ug),u — Ug),

Vf(u) = Vf(uo) + (M(u—up),-) and V2f(u)=M

almost surely. All further derivatives are zero. Thus, we can use a Taylor expansion
to write

~ ~ ~ 1
flu) = f(v) +(Vf(v),u—v)+ §(M(u —wv),u—v) almost surely.
It then follows that

) 2 (0) + (V7 ()= v) + 5 (M (= v),u )

~ ~ 1
— (J(0) + (V] (), u =0} + 5(M(u—v),u—v))
=7(v) + (VF(v),u —v) almost surely.
As 7 is convex almost surely this implies that V7 is monotone almost surely. (]
Lemma 3.3. Let Assumption 1 be fulfilled and let f be defined as in (3.1). Then
the operator

Tr = (T4 V() Hx Qs H
is well-defined. If a function r: H x Q — R is Gateauz differentiable, lower semi-
continuous, conver and proper almost surely then
Tipp =T+ V() +Vr(8) HxQ— H

is well-defined.
If there exist Q: H xQ — H* and z: Q — H* such that Vr(u,§) = Qu+ z then
the resolvent can be represented by

Tfu= (I 4+ M +.1Q)~ " (u— o1V f(ug, &) + Mug — 12).
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Proof. For simplicity, let us omit £ again. In order to prove that Tf and Tf~ are

+r
well-defined, we can apply [25, Theorem A] and [28, Theorem 2.2] analogously to
the argumentation in the proof of Lemma 3.1.

Assuming that Vr(u) = Qu + z, we find an explicit representation for Tf— 4 TO

this end, for v € H, consider
(I 4 Vf+1Vr) to = Tf,
Then it follows that
v=(I+:Vf+:Vrju
=T+ M+ Q)u+tVf(ug) — Mug+ 1tz almost surely.

U =:u almost surely.

Rearranging the terms, yields
Tivo=U+M+ Q) (v — 1V f(ug) + Mug — tz)  almost surely.
O

Next, we will show that the contraction factors of T and Tf are related. For
this, we need the following basic identities and inequalities for operators on H, as
well as some stronger inequalities that hold for symmetric positive operators on H.

Lemma 3.4. Let Assumption 1 be satisfied and let f and 7 be given as in (3.1)
and (3.2), respectively. Then the identities

WVE(TrE) =1—-T; and (NVf(Ty,&) + Ty — I = —Vi(Ty,€)
are fulfilled almost surely.
Proof. By the definition of T, we have that
Ty + NV f(Ty,8) = I+ VI )Ty =1,

from which the first claim follows immediately. The second identity then follows
from

W (T €) + Ty — T =V f(Ty, &) =tV f(Ty, &) = —Vi(Ty, £).

As a consequence of Lemma 3.4 we have the following basic inequalities:
Lemma 3.5. Let Assumption 1 be satisfied. It then follows that
1Tyu —ull < IV f(u, )| m-

almost surely for every u € H. Additionally, if for R > 0 the bound |u| +
IV f(u, )|l < R holds true almost surely, then the second-order estimate

™M (Tyu —u) + V f(u, )l < LellVf(u, &) m-
is fulfilled almost surely.

Proof. In order to shorten the notation, we omit the £ in the following proof. For
the first inequality, we note that since V f is monotone, we have

(VI(Tju) = Vf(u),Tyu—u) >0 almost surely.
Thus, by the first identity in Lemma 3.4,
(=9 f (), Tyu—u) = (VF(Tyu) =V (w), Tyu — u) — (VF(T7), Tru - u)
> (N Tpu — ), Tru — u)
= (Tyu —u, Tyu —u) = | Tyu — ul)?
follows almost surely. But by Cauchy-Schwarz, we also have
(=Vf(u), Tru —u) < |V f(u)||a-

Tyu — u|| almost surely,
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which in combination with the previous inequality proves the claim.
The second inequality follows from the first part of this lemma. Because

1Tyull < |1 Tju —ull + [lull < IV f (@)l + llull,
both v and T'yu are in a ball of radius R almost surely. Thus, we obtain
1= (Tyu =) + V()| e = V() = VF(Tu)| -
< Lgllu = Trull < Lr|[Vf(w)l[#-

almost surely. O

Lemma 3.6. Let Q,S € L(H) be symmetric operators. Then the following holds:
o If Q is invertible and S and Q' are strictly positive. Then (Q + S)™! <
QL. If S is only positive, then (Q + S)~! < Q1.
o If Q is a positive and contractive operator, i.e. |Qu| < ||ul| for allu € H,
then it follows that ||Qu||*> < (Qu,u) for allu € H.
o If Q is a strongly positive invertible operator, such that there exists § > 0
with (Qu,u) > B||ul|? for all u € H, then ||Qu|| > B||u| for allu € H and
1Q Mz < %-

Proof. We start by expressing (Q + S)~! in terms of @~! and S, similar to the
Sherman-Morrison-Woodbury formula for matrices [31]. First observe that the
operator (I +Q~1S)~! € L(H) by e.g. [32, Lemma 2A.1]. Then, since

(@' -Q s+ '8) '@ ) (@+S)
—T4+Q 'S —Q'S(I+Q7'S) T (I+Q7'S) =1
and
Q+9) (@ -Q7s(I+Q8) Q)
—1+SQ ' —S(I+Q'S)(I+Q7's)'Q =1,
we find that
Q+5) 1= -QS(I+Q's) QL.

Since Q! is symmetric, we see that (Q+5)~! < Q! if and only if S(I—i—Q’lS)fl
is strictly positive. But this is true, as we see from the change of variables z =
(I + Q~1S)~!u. Because then

(S(I+Q*15)71u, u) = (Sz,2+Q7'52) = (Sz,2) + (Q7'Sz,52) >0

for any v € H, u # 0, since S and Q! are strictly positive. If S is only positive,
it follows analogously that (S(I + Q’ls)flu,u) > 0.

In order to prove the second statement, we use the fact that there exists a unique
symmetric and positive square root Q> € L(H) such that Q = Q*Q">. Since
1Ql = sup,ey(Qz,x) = super(Q%x,Q%x) = |Q"?|)?, also Q/* is contractive.
Thus

1QuI* = 1Q7*Q"*ull* < Q"*ull* = (Q"*u,Q"*u) = (Qu,u).

Now, we prove the third statement. First we notice that (Qu,u) > SB|lul|? and
(Qu,u) < ||Qul|||lu|| imply that ||Qu|| > B||ul| for all w € H. Substituting v = Q~u,
then shows ||v|| > B||Q~1v||, which proves the final claim. O
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Lemma 3.7. Let Assumption 1 be fulfilled and let f be given as in (3.1). Then
1

Proof. For better readability, we once again omit & where there is no risk of con-
fusion. For u,v € H and ¢ > 0, we approximate the function 7 defined in (3.2)
by

[ Tyu — Tyo|?
Ju— ]2

| Tfu — Ty|?

E
¢ [l = ][>

holds for every u,v € H.

((vg, z— Tfu>)2

Fe: HXxQ =R, 7(z,§) = (Vi(Tru,§),z) + 5
Qe

)

where
ve = —Vi(Tyu) + Vi(Tpv) + &0 (T — Tpu) and  a. = (ve, Tyv — Tyu)
almost surely. As we can write
ac = (—=Vi(Tyu) + Vi(Tpv) + ee (Tpv — Tyu), Tpv — Tru)
= (Vi(Tyu) — Vi(Tyv), Tru — Tyv) + e(Tpv — Tpu, Tyv — Tru)
> e||Tyv — Tyul|* > 0, almost surely,
T is well-defined. The derivative is given by V7. (-,£): H x Q — H*,

Vi (2) = ViTp) + W22 et Gy - e T,

Qe Qe Qe

almost surely. This function V7. is an interpolation between the points
VFS (Tfu) = V?’(Tfu),
Twv—T
Vi (Tyo) = Vi(Tyu) + Lol =T

Qe
B (ve, Trv — Tu)
= Vi(Tyu) + (o, Tyo = Tray Ve
= Vi(Tpu) + (— VF#(Tyu) + Vi(Tyv) + e (Tpv — Tyu))
€

= Vi (Ty ) + e N (Tyv — Tyu)
almost surely. Furthermore, since Tf i ={U+.V f + V7)1, it follows that
(I + .V f + Vi) Tiu = Tru + oV f(Tyu) + 1ViA(Tru)
=Tiu+ ' Vf(Tru) =+ .Vf)Tiu=u
and therefore

Tru= (I 4+ Vf+ Vi) tu=T;

Far U almost surely.

Applying Lemma 3.4, we find that

(I 4+ Vf + Vi) Tyv

= Ty + 1V f(Tpv) + ViH(Tyv) + e(Tiv — Tru)

=Trv 4+ Vf(Trv) +e(Tpv — Tru) = v +e(Tyv — Tru)
almost surely. This shows that

(3.3) Tpv= (I +.Vf+ Vi) (v +e(Tiv — Tru)) = Ti ;. (v+e(Tpv—Tru))
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almost surely. Using the explicit representation of Tiy s from Lemma 3.3, it follows
that

Tpy2= (I—Q—M—i—L(MvE))_l(z — 1V f(uo)

Qe

+ Mug — L(VF(Tfu) - M%))

a’E
almost surely. Therefore, we have

1T, 50— Trpn (v+e(Tro —Tu))|

/l) ’. _1
oLy ) o =0 = oo = T

€
=¢||Tpv — Tyul| =0 ase—0,

SH(IJrMJrL(

almost surely, since
((I—i— M + L(Mva))u,u) > ||ul|®* almost surely
aE

means that we can apply Lemma 3.6. Thus, this shows that Tru = T 7 v and
Trv = lim._, Tf~ L almost surely. Further, we can state an explicit representation
for Tf~ using Lemma 3.3 given by

Trz=(I+ VTl = (1 + M)~ ' (z = oV f(ug) + Mug) almost surely.

For n = pi=tr with |In|| = 1, we obtain using Lemma 3.6
IT7u — Tso|
e =+ M)
[l — vl

> ((I+ M)_ln, n)

= ((rear (B 0)) )

2
T pu = Tiys,0ll | Tyu — Tyol®
l|u—v|? lu—v]?
lu—ll

ase — 0

almost surely. Finally, as Eg{ } is finite, we can apply the dominated

convergence theorem to obtain that
— 2 Tyu—Tsv Tsu — Tivl[%\ 3
E§[||Tfu Tf:H }SEg[” 7 7 H]S(Eg[” 7 f2H Dz
[lu— o] lu— ] [lu— o]
O

Lemma 3.8. Let Assumption 1 be satisfied and let f be given as in (3.1). Then
foru,v e H and a > 0,

E¢[||T, ju—T,70l1”] <Ee[l(L + M) 7] llu— vl
1s fulfilled. Furthermore, it follows that
E¢[[[(1 +aM) 2] <1 = 2ua+3v%a.
Proof. Due to the explicit representation of T, 7 stated in Lemma 3.3, we find that
T, ju—T, o=+ aM)™ (u—v) almost surely

(e

for u,v € H. As u — v does not depend on €2, it follows that
Ee[||(I +aM) ™ (u—0)|I*] < E¢[l|( +aM) ™z lu— ol
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Thus, we have reduced the problem to a question about “how contractive” the
resolvent of M is in expectation. We note that for any u € H, we have

(I + aM)u,u) > (1 +7a)|jul|*> almost surely.
Due to Lemma 3.6 it follows that
(I + M)~ ||£(H) (1+7a)~2  almost surely.

The right-hand-side bound is a C?-function with respect to « (in fact, C*°). By a
second-order expansion in a Taylor series we can therefore conclude that

(I + aM)71||2L(H) <1 - 2fic + 3f%a?  almost surely.
Combining these results, we obtain
Ee[[|(I+ M)~ 2] < Ee[l - 2pa + 3p%a’] = 1 - 2pa + 3v2a?
O

For the proof of the main theorem, we will also make use of the following algebraic
inequalities.

Lemma 3.9. Let C1,Co > 0, p > 0 and v > 0 satisfy Cip > r and 4Cy > C?.
Then the following inequalities are satisfied:

(i) TI' 1(1ff+02) < exp( 87 (k + 1),
(i1) S5 i T, (1= G+ )7 < exp( 7 + Cup) b (b 1)

Proof. The proof relies on the trivial inequality 1 + u < e* for u > —1 and the
following two basic inequalities involving (generalized) harmonic numbers

k
1
In(k+1)—1 <) - and o1 < G+l
n(k+1) n(m)_zi an Zz (k+1)°.
=m
The first one follows quickly by treating the sum as a lower Riemann sum approx-
imating the integral f:fl u~tdu. The second one can be proved analogously by
approximating the integral fOkH u®~! du with an upper (C' < 1) or lower (C > 1)
Riemann sum.
The condition 4Cy > C? implies that all the factors in the product (i) are

positive. We therefore have that 0 < 1 — Cl + 02 < exp(—& )exp( 2). Thus, it
follows that

ﬁ(1—0,1+]0,22) <exp< C’lpz )exp(Cgpjzzle)

< eXp( = Cipln(k + 1))€XP(C2]6)7T2)a

from which the first claim follows directly. For the second claim, we similarly have

k k
Zjil—rn(lig %)

J=1 =]

k

2
<on(BFF) 2 shoom( - )

j=1
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where the latter sum can be bounded by

jz;j —exp( - ClpZ)

gijliexp( C’lpln(kjl)>
fijfw(ﬂjl)m

< (k1O 3 jonr- < ep(Cin) o (k1)

Jj=1
The final inequality is where we needed C1p > 7, in order to have something better
than j~! in the sum. O

As a final step before showing that the errors converge sub-linearly to zero,
we now prove the following a priori bound which shows that they are uniformly
bounded.

Lemma 3.10. Let Assumption 1 be fulfilled, and suppose that Zzozl ai < .
Then there exists a constant D > 0 depending only on ||lwy —w*|| and o, such that

E; [Hwk—H —w* 2"”} <D

for all k € N.

Proof. Within the proof, we abbreviate the function f(-,§ ) by fx, k € N. We
consider first the case m = 1. Recall the identity (a —b,a) = 3 (||a||* — [|b]* + [la —
bl|?), a,b € H. We write the scheme as

W — wP 4 Vi (w* ) =0 almost surely,
subtract agtV fi(w*) from both sides and test it with wktl — w* to obtain
[+l — w2 — [ — w2 + [Jwkt — w2
+ 200 (LY o (W) — oV fro(w), wh T — w*)
= 20, (tV fre(w*), w* Tt —w*)  almost surely.
For the right-hand side, we have by Young’s inequality that
— 20, (LY fr (w*), wh L — w*)
= 200 (V fr(w*), w" — ") — 200 (V fi(w*), w® — w*)
< 20|V i (w*) | - J0™ ™+ — wF || = 200V fo(w*), w" — w?)
< A IV fir(w) e + [0 = w0 |? = 200 (V fir(w"), w* —w*)
almost surely. Together with the monotonicity condition, it then follows that
(34) [ —w|? — [w* —w*|* < aFl|V (w7 — 200 (V fi(w?), 0" —w*)
almost surely. Taking the expectation Egx, we find that
B [l — w|] < u* — w*[? + afo?,

since Egx [V fr(w*)] = 0 and wk —w* is independent of £¥. Repeating this argument,
we obtain that
k
k * *
E; [ = w|?] < wy — w*[? + 0 ) ol
j=1
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In order to find the higher moment bound, we recall (3.4). We then follow a similar
idea as in [33, Lemma 3.1], where we multiply this inequality with [|w*+! — w*||?
and use the identity (a —b)a = 1 (|a|? — [b]? + |a — b]?) for a,b € R. It then follows
that

lwhtt —w [ = [k — w*|[* + bt — w2 = [t — w2

< (I filw") - — 200V ("), wh = w) ) [ — w2
< (aZIV Al I = 200(V fu(w), w0t = w'))
x (Il = w2 + 6211V fio(w) - = 20009 fi(w), w0k = w'))
< agllw® —w* [PV fu(w) [ Fe — 20w —w* [}V fu(w*), 0" —w*)
+ a1V (w3 — 4o |V fio(w") | B 0@ (V fie(w), w" —w*)
* *\ ) 2
+4ai(<ka(w ),wk —w ))
almost surely. Applying Young’s inequality to the first and fourth term then implies

that

Hwk—i—l k

—w[[* = [l —w*||*

2
« * * * *
< Skt — | = 20wt — w AV fi(w), w = o)
012 * * *
+ (30 + SO IV felw) - + 6a |V fi(w) - llo® — w2
a g 4 k 2 k
< Sk — | = 20wt — w AV fi(w), w =)

2
a * * *
+ (30[% + f2k>||ka(w Wi + 302 ||V fr(w*)|| 5 +3aink —w*|*

2
< muw

E o wt |t = 20 )lwb — w2V fi(w*), w —w*)

To
+ (30t + Z5) 9 o)
almost surely. Summing up from j = 1 to k and taking the expectation Ey, yields

Ek [Hwk+1 _ w* H4]

k 2 2
Ta
< Jfwr — w*|* + Z SR [l — w +G4Z (301 + 7)
=1 Jj=1
We then apply the discrete Gronwall inequality for sums (see, e.g., [34]) which
shows that
k Ta 2 7 k
By [+ = '] < (Jjuwn —w' | + o Zl (30 +=2) Jexn(5 Zla ).
J j=

For the next higher bound, we recall that

[t —w||* = [Jw* — w*|*
7 2
< ﬂuw

o wt |t = 20 ]lwb — w2V f(w"), w —w*)

+ (30t + Z55) 9 pu)

almost surely, which we can multiply with ||w**1 —w*||* in order to follow the same
strategy as before. O

k+1
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Remark 3.1. In particular, Lemma 3.10 implies that there exists a constant D
depending on ||w; — w*|| and o such that

By [+ - w|P] < D

for all p < 2™ and k € N.

4. PROOF OF MAIN THEOREM

We are now in a position to prove Theorem 2.1.

Proof. Given the sequence of independent random variables ¥, we define the
random functions f,, = f(-,£¥), k € N. Then the scheme can be written as
whtl = T, pwb. If T,, fw* = w*, we would essentially only have to invoke
Lemma 3.7 and Lemma 3.8 to finish the proof. But due to the stochasticity this
does not hold, so we need to be more careful.

We begin by adding and subtracting the term 7, r, w* and find that

”warl - w*H2 = HTOékfkwk - Takfkw*”Z
+ Q(Takfkwk - Takfkw*7T04kfkw* - ’LU*) + ”Takfkw* - w*”2

almost surely. By Lemma 3.7 and Lemma 3.8 the expectation E¢x of the first term
on the right-hand side is bounded by (1 — 2uay, + 3v2a2)"?||w* — w*||? while by
Lemma 3.5 the last term is bounded by ajo?. The second term is the problematic
one. We add and subtract both w* and w* in order to find terms that we can
control:

(T(kakwk - Takfkw*’Takfkw* - w*)

= ((Takfk - I)wk - (Takfk - I)’LU*, (Takfk - I)w*)
+ (wk —w*, (Toy fo — I)w*)

=:I; + I almost surely.

In order to bound I; and Is, we first need to apply the a priori bound from
Lemma 3.10. This will also enable us to utilize the local Lipschitz condition. First,
we notice that due to Lemma 3.5, we find that

i\ 5 * *\ (17 3 *
(Be [ To 5w IP]) 7 < llw™ll + (B [V fr(w)1.]) 7 < [lw*[ + 0
is bounded for j < 2™. As T,, y, is a contraction, we also obtain
(B [[| T "I ])
< (Ek “|Takfkwk - Takka’*Hj]V + (Eék l:llTakfkw*”j])j
< (Baffut = w*P])7 + ' +o.

1
J

Thus, there exists a random variable R; such that

a a J a T, ¢ w * a T, rw* ><R
maoe (el [Ty o s, T gul) < B

almost surely, and Ek[le] is bounded for j < 2. For I, we then obtain that
I < ((Takfk - I)wk - (Takfk - I)w*v (Takfk - I)w*)
< NV fi(Tay pw*) = iV i (T pw") | e vV fro (w) || -
< aiLRl HTOckfkwk - Takfkw*” ||ka(w*)||H*

< agLp, [w* = w*|IV fi(w?)| -,

s
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where we used the fact that T, s, is non-expansive in the last step. Taking the
expectation, we then have by Holder’s inequality that

Ei[L] < oiEx [Lr, [w* — w ||V fu(w")l|a-]

< oLy (B [[w* — w*||2mD2_ ’(Efk [”ka(w*)nf;})?_ :
where
_gm-1 _ gm—-l_j
zl - (Ek [P(R1)2m7171}) 2t ) m > 13
sup | P(Ry)], —

As P is a polynomial of at most order 2™ — 2, the exponent for P is bounded by

(23;171_1_1) (2’” — 2) = 2™, Hence il is bounded, and in view of Lemma 3.10 we get

that
Ei[l1] < Diaj,

where Dy > 0 is a constant depending only on [|w*||, ||wy — w*|| and o. For Iy, we
add and subtract oV frw* to get

(w* = w", (Ta, 5, = Dw")
= (W —w*, (Tap g — Dw* + @tV fr(w*)) — (W — w*, apeV fr(w*)).

k

Since w” — w* is independent of ayV f(w*), it follows that

Egk[(wk - w*,a;@Lka(w*))] = (wk —w*, Eg, [akLka(w*)]) =0.

Thus, we only have to consider the first term. Using Cauchy-Schwarz and Lemma 3.5,
we find that

Ep (L] < Ep[|lw® — w7 (Tay s — Dw* + oV fio(w")| -]
< Ei[La,of|[w” — w ||V fi(w")]| -]

< of Lo (B[t = w|*"])" " (Be, [IV fulw")IF2))"

where Ry = max(||w*||, |V fr(w*)| g~) and
om—1 om—1_4
- {(Ek [P(R)TT]) 7T 1,
infR2€R‘P(R2)|, m = 1.

Just as for I, we therefore get by Lemma 3.10 that
Ei[l2] < Dyof,

where Dy > 0 is a constant depending only on ||w*||, [Jw; — w*|| and o.
Summarising, we now have

By [l — w*|*] < GuBia[lw® — w*|?] +afD

2 and D = o2 4 D1 + D5. Recursively applying the

with Cy = (1 —2pay + 3v2a})
above bound yields
k k k
Ep [[Jw* ! —w*|?] < H Cjllwy — w*||> + DZ of H C;.
j=1 =1 i=j+1
Applying Lemma 3.9 (i) and (ii) with p = 1/2, r = 1, C; = 2un and Cy = 3v°n?
then shows that
2,2 2

k
[165 < exp(“2) k1)
j=1
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and
E k k
R 1 ~ 7?2 LIRS 1
2 2 -1
2 :O‘j H Ci < = E :%HCE‘ < Texp( 1 +M77>/m_1(/<?+1) ;
j=1 i=7+1 1 Jj=1 =7 1
since v > p. Thus, we finally arrive at
C
E k+1 * (|2 < ,
R

where C' depends on ||w*|], [|wy — w*||, u, o and 7. O

Remark 4.1. The above proof is complicated mainly due to the stochasticity and
due to the lack of strong convexity. We consider briefly the simpler, deterministic,
full-batch, case with

wht = wh — o, VF (w1,
where F' is strongly convex with convexity constant A\. Then it can easily be shown
that

(VE(v) — VF(w),v —w) > Mjv — wl|?.
This means that
I(I+aVF) " (u) = (I+aVF) " ()] < (1+a))  u—uol,

*

i.e. the resolvent is a strict contraction. Since VF (w*) = 0, we have (I—i—aVF)_lw =
w* so a simple iterative argument shows that
k

-1
l* =) < TT (1 + agA) ™ flwr — ™%,
j=1

Using (1 4+ aX)™! <1 — Xa + A2a?, choosing oy = n/k and applying Lemma 3.9
then shows that

okt — w2 < Ok + 1)~
for appropriately chosen . In particular, these arguments do not require the Lips-

chitz continuity of VI, which is needed in the stochastic case to handle the terms
arising due to V f(w*,£) # 0.

5. NUMERICAL EXPERIMENTS

In order to illustrate our results, we set up a numerical experiment along the lines
given in the introduction. In the following, let H = L?(0,1) be the Lebesgue space
of square integrable functions equipped with the usual inner product and norm.
Further, let 33; € Hfori=1,2and j = 1,...,n be elements from two different
classes within the space H. In particular, we choose each le to be a polynomial
of degree 4 and each x? to be a trigonometric function with bounded frequency
for 5 = 1,...,n. The polynomial coefficients and the frequencies were randomly
chosen.

We want to classify these functions as either polynomial or trigonometric. To
do this, we set up an affine (SVM-like) classifier by choosing the loss function
{(h,y) = In(1 + e~") and the prediction function h([w,w],r) = (w,z) + W with
[w,w] € L?(0,1) xR. Without w, this would be linear, but including w we can allow
for a constant bias term and thereby make it affine. We also add a regularization
term 4 |w[|? (not including the bias), such that the minimization objective is

F(fw,w,€) = > (0l ). 55) + ol
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where [2;,y;] = [z}, -1] if j < n/2 and [z;,y;] = [27,1] if j > n/2, similar to
Equation (1.2). In one step of SPI, we use the function

(lw, ) = €A, ) ) + 5 ol

with a random variable £: @ — {1,...,n}. Since we cannot do computations
directly in the infinite-dimensional space, we discretize all the functions using NV
equidistant points in [0, 1], omitting the endpoints. For each N, this gives us an
optimization problem on RY, which approximates the problem on H.

For the implementation, we make use of the following computational idea, which
makes SPI essentially as fast as SGD. Differentiating the chosen ¢ and h shows that
the scheme is given by the iteration

[w,ﬁ]k‘Irl = [w,ﬁ]]C + cklzg, 1] — )\ak[w,O]kH,
where ¢, = 1+Cxp((wk+1ofz:zl)cyk+ﬁk+lyk)' This is equivalent to
1
wht! (w’c + ck:rk) and wFH =w" + Ck-

- 14+ ap)
k+1 in the definition of ¢, we obtain that

ALYk
1 + eXp(ﬁ(wk + CrT, xk)yk + (Ek + Ck:)yk:)

Inserting the expression for [w, W]

C =

We thus only need to solve one scalar-valued equation. This is at most twice
as expensive as SGD, since the equation solving is essentially free and the only
additional costly term is (zx,z%) (the term (w”, x1) of course has to be computed
also in SGD). By storing the scalar result, the extra cost will be essentially zero if
the same sample is revisited. We note that extending this approach to larger batch-
sizes is straightforward. If the batch size is B, then one has to solve a B-dimensional
equation.

Using this idea, we implemented the method in Python and tested it on a series
of different discretizations. We took n = 1000, i.e. 500 functions of each type,
M = 10000 time steps and N = 100- 2% for 4 = 1,...,11. We used A = 1072 and
the initial step size n = %, since in this case it can be shown that u > A. There is
no closed-form expression for the exact minimum w*, so instead we ran SPI with
10M time steps and used the resulting reference solution as an approximation to
w*. Further, we approximated the expectation E; by running the experiment 10
times and averaging the resulting errors. This may seem like a small number of
paths but using more (or less) such paths does not seem to influence the results
much, indicating that the convergence is likely actually almost surely rather than
only in expectation. In order to compensate for the vectors becoming longer as NV
increases, we measure the errors in the RMS-norm || - ||y = || - [[rv/vVN + 1. As
N — oo, this tends to the L? norm.

Figure 1 shows the resulting approximated errors Eg[[|w**! — w*||%]. As ex-
pected, we observe convergence proportional to 1/k for all N. The error constants
do vary to a certain extent, but they are reasonably similar. As the problem ap-
proaches the infinite-dimensional case, they vary less. In order to decrease the
computational requirements, we only compute statistics at every 100 time steps,
this is why the plot starts at & = 100.

In contrast, redoing the same experiment but with the explicit SGD method
instead results in Figure 2. We note that except for N = 200 and N = 400,
the method does not converge at all, likely because as N grows the problem also
becomes more stiff. Even when it does converge, the errors are much larger than
in Figure 1. Many more steps would be necessary to reach the same accuracy as

k+1
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Ep1[|[w* = w*||?] for SPI

N =200 N = 1600 —:= N = 12800 === N = 102400
10-1 N =400 —— N =3200 - 25600 —-= N = 204800
N =800 === N = 6400 —— N =51200 — O(1/k)

B [|Jw — w|?]

10764 -
102 103 101

FIGURE 1. Approximated errors Ej[||w**! — w*[|3] for the SPI
method, measured in RMS-norm, for discretizations with varying
number of grid points N. Statistics were only computed at every
100 time steps, this is why the plot starts at & = 100. The 1/k-
convergence is clearly seen by comparing to the uppermost solid
black reference line.

SPI. Since our implementations are certainly not optimal in any sense, we do not
show a comparison of computational times here. They are, however, very similar,
meaning that SPI is more efficient than SGD for this problem.

6. CONCLUSIONS

We have rigorously proved convergence with an optimal rate for the stochastic
proximal iteration method in a general Hilbert space. This improves the analy-
sis situation in two ways. Firstly, by providing an extension of similar results in a
finite-dimensional setting to the infinite-dimensional case, as well as extending these
to less bounded operators. Secondly, by improving on similar infinite-dimensional
results that only achieve convergence, without any error bounds. The latter im-
provement comes at the cost of stronger assumptions on the cost functional. Global
Lipschitz continuity of the gradient is, admittedly, a rather strong assumption.
However, as we have demonstrated, this can be replaced by local Lipschitz conti-
nuity where the maximal growth of the Lipschitz constant is determined by higher
moments of the gradient applied to the minimum. This is a weaker condition. Fi-
nally, we have seen that the theoretical results are applicable also in practice, as
demonstrated by the numerical results in the previous section.
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